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ABSTRACT: This review focuses on experimental work on nonlinear phenomena in
microfluidics, which for the most part are phenomena for which the velocity of a fluid flowing
through a microfluidic channel does not scale proportionately with the pressure drop.
Examples include oscillations, flow-switching behaviors, and bifurcations. These phenomena
are qualitatively distinct from laminar, diffusion-limited flows that are often associated with
microfluidics. We explore the nonlinear behaviors of bubbles or droplets when they travel
alone or in trains through a microfluidic network or when they assemble into either one- or
two-dimensional crystals. We consider the nonlinearities that can be induced by the geometry
of channels, such as their curvature or the bas-relief patterning of their base. By casting posts,
barriers, or membranessituated inside channelsfrom stimuli-responsive or flexible
materials, the shape, size, or configuration of these elements can be altered by flowing fluids,
which may enable autonomous flow control. We also highlight some of the nonlinearities that
arise from operating devices at intermediate Reynolds numbers or from using non-Newtonian
fluids or liquid metals. We include a brief discussion of relevant practical applications,
including flow gating, mixing, and particle separations.
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1. INTRODUCTION

Fluid flows in microfluidic devices usually occur on small scales
and at slow speeds. They are laminar, stable to perturbations,
and dominated by viscous forces.1 Generally, the velocity of
the fluid scales linearly with the pressure change across the
channel.1,2 Surprisingly, there exists a rich array of nonlinear
phenomena that occur in microfluidic devices.3 These include
spontaneous oscillations in the flow rate of fluids,4,5 sudden
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changes in the operating modes of droplet makers,6 and
instabilities driven by surface tension.7 In most examples
discussed in this review, the flow velocity does not scale
proportionately with the applied pressure difference. In other
examples, a nonlinear scaling exists between different variables,
which results in flows that are qualitatively distinct from the
usual laminar and time-reversible microfluidic flows.
Microfluidic flows are generally well-described by the Stokes

equation, an approximation to the Navier−Stokes equation in
the limit of negligible inertial forces. Nonlinearities in the
velocity−pressure scaling arise when the physics of a
microfluidic system deviates from that captured in the Stokes
equation. For instance, in two-phase flows, the shape of a
boundary between two phases changes due to deformations
induced by the flow; this dependence on the flow, coupled
with interfacial tension, gives rise to nonlinearities. Moreover,
when bubbles or droplets are positioned sufficiently close
together, their positions and hence velocities depend on those
of their neighbors, which disturb the flow. This feedback loop,
in which the flow dictates the shapes and/or positions of the
bubbles or droplets and they in turn disturb the flow, gives rise
to nonlinear behavior. Nonlinear boundary conditions also
arise when channel walls are deformed by the flow. Inertial,
and hence nonlinear, corrections to the Stokes equation must
be considered when microchannels are curved or the flow
velocity is sufficiently high. These cases, among others, are
examples of the breadth of nonlinear phenomena that can
occur in microfluidics.
Nonlinear phenomena in microfluidics are interesting to

study in their own right. Many of the explanations for the
phenomena are counterintuitive and require new ways of
thinking about the capabilities of microfluidic flows. This
review will explore some of these phenomena with particular
emphasis on those that occur in one- and two-phase flows.8 It
combines a treatment of nonlinearities caused by bubbles and
droplets with special topics ranging from mixing to capillary-
driven flows. It also covers more commonly discussed topics in
nonlinear microfluidics including inertial flows, stimuli-
responsive materials in microfluidic devices, and non-New-
tonian fluids.
First, we will highlight the nonlinearities that arise when

single bubbles or droplets traverse microfluidic networks
composed of paths that split apart or merge together. To
appreciate these behaviors, we will provide a general overview
of the methods to produce droplets and bubbles in
microfluidic devices. Second, we will consider the behavior
of these bubbles or droplets as they move in single-file trains or
when they form ordered crystals. Third, we will discuss
nonlinearities that arise from the geometric features of
channels, the importance of inertial flow effects, the flow of
non-Newtonian fluids and liquid metals, and the use of stimuli-
responsive materials in fabricating devices. Where relevant, we
will highlight possible applications of nonlinear flows in
microfluidics, ranging from particle filtration9,10 to autono-
mous flow control.11,12

2. OVERVIEW OF BUBBLE AND DROPLET
GENERATION IN MICROFLUIDIC DEVICES

Microfluidics makes it possible to manipulate fluids precisely at
the micron scale.13 This control enables micrometer-sized
bubbles or droplets to be produced by dispersing a gas or a
liquid into an immiscible liquid phase. Their volume, dispersity
in size, and packing density can be tuned depending on the

geometry of the microfluidic device and the flow regime in
which it is operated, among other parameters. Bubbles and
droplets are formed through nonlinear processes, given the
instabilities that lead to their formation and the effects of
surface tension.7,14−16 Thus, an overview of the production of
bubbles or droplets is a prerequisite to understanding their
nonlinear behaviors in microfluidic networks. Although
bubbles and droplets will be discussed side-by-side, some of
their notable differences include their density, viscosity, and
compressibility under large applied pressures.

2.1. Dimensionless Parameters

Most fluid flows in microfluidic devices occur at low Reynolds
numbers. The Reynolds number, Re, is a dimensionless
parameter that describes the ratio of inertial forces ( u /2ρ )
to viscous forces ( u/ 2μ ) acting on a volume element of a fluid
(eq 1):

Re
uρ
μ

=
(1)

where ρ is the density of the fluid, μ is the dynamic viscosity of
the fluid, u is the characteristic velocity of the fluid, and l is the
most relevant length scale in the device.17,7,2 The Stokes
equation, given in eq 2, approximates the Navier−Stokes
equation in the limit of low Reynolds numbers for
incompressible, single-phase Newtonian fluids:

Up0 2μ∇= − + ∇ (2)

where p is the pressure, μ is the dynamic viscosity of the fluid,
and U is the velocity field. Its solutions are linear and time-
reversible so long as the channel geometry is fixed.1 ,2 ,18 The
condition of the conservation of mass of an incompressible
fluid is given by the continuity equation:

U 0∇· = (3)

.1,2,18 Table 1 highlights other dimensionless parame-
ters17,7,19,20 that quantify the relative influence of forces on
the flow behavior, especially in two-phase flows where surface
tension becomes important.

Table 1. Dimensionless Parameters of Relevance in
Microfluidics

capillary
number

u
Ca

μ
γ

= ratio of viscous to interfacial tension
forces

Weber number
u l

We
2ρ

γ
= ratio of inertial to interfacial tension forces

Ohnesorge
number

Oh
μ
ρ γ

= ratio of viscous to inertial and interfacial
tension forces

Bond number
g

Bo
2ρ

γ
= ratio of gravitational to interfacial tension

forces

Peclet number
ul
D

Pe = ratio of convective to diffusive transport
speeds

where μ: dynamic viscosity of the fluid SI units: Pa·s
ρ: density of the fluid SI units: kg·m−3

γ: interfacial tension SI units: N·m−1

u: characteristic velocity of the fluid SI units: m ·s−1

l: characteristic length scale SI units: m
g gravitational acceleration SI units: m ·s−2

D: diffusion coefficient SI units: m2 ·s−1
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2.2. Methods of Production for Bubbles and Droplets

Micrometer-sized droplets or bubbles can be produced using a
variety of microfluidic devices, as illustrated schematically in
Figure 1. Although the dispersed (or inner) phase is always

injected into the continuous (or outer) phase, the devices
differ in the way in which the two phases meet. In a co-f lowing
device, the dispersed phase is injected through a micrometer-
sized orifice into a flowing parallel stream of the continuous
phase, as depicted in Figure 1a. In a f low-focusing geometry, the
dispersed phase is also injected into a co-flowing stream of the
continuous phase; however, an aperture beyond the injection
nozzle further constrains and accelerates the inner phase, as
shown in Figure 1b. In a T-junction geometry, the immiscible
phases are injected into two different channels that meet at a

right angle, as shown in Figure 1c.7,14−16 Bubbles and droplets
can be produced in other manners beyond those discussed
here. For instance, step emulsif ication is a method by which the
dispersed and continuous phases are co-flowed or meet at a T-
junction, but the droplet or bubble breakup only occurs when
the height of the device changes abruptly, namely beyond a
step.21−23 Generally, the details of the bubble or droplet
production depend on the relative magnitude of viscous,
inertial, and interfacial tension forces. Bubbles or droplets that
are generated in microfluidic devices are typically the same
order of magnitude in size as the channel or orifice in or from
which they are produced.7

2.2.1. Production of Droplets or Bubbles at Low
Capillary Numbers (Ca < 10−2). In co-flowing devices,
droplets are produced in the dripping mode when both the
Weber number of the dispersed phase and the capillary
number of the continuous phase are below or of O(1) (where
O denotes the order of magnitude and the numbers enclosed
in the parentheses indicate the order of magnitude).24−26 In
the dripping mode, surface tension holds a growing droplet in
place at the orifice, and the droplet is released when the viscous
drag exceeds the surface tension. Droplets that are generated
by dripping are uniform in size. When the Weber number of
the dispersed phase exceeds O(1), despite low values of the
capillary number of the continuous phase, a qualitatively
distinct mode of droplet production is observed. Given the
inertia of the inner phase at such Weber numbers, a short jet
forms; it widens, and the droplet detaches at its end.24 The
dripping regime has also been reported when bubbles are
formed in co-flowing devices, but the mechanism depends on
the pressure of the gas phase as well as the flow rate and
viscosity of the continuous phase.27,28

In the flow-focusing29−31 and planar T-junction32−34

geometries, confinement plays a crucial role in the formation
of droplets and bubbles. For instance, when operating a flow-
focusing device at capillary numbers of the continuous phase
below O(10−1), the dispersed phase forms a thread that
narrows in the aperturethis part is subsequently referred to
as the neckand widens once past it. As the droplet or bubble

Figure 1. Production of bubbles or droplets in (a) co-flowing, (b)
flow-focusing, and (c) T-junction microfluidic geometries, where the
continuous phase is depicted in dark blue, the dispersed phase is
drawn in light blue, and the flow directions are specified by arrows.

Figure 2.Movement of bubbles or droplets, drawn in white, through a liquid, depicted in blue, in (a) a microfluidic network composed of cascaded
T-junctions, (b) an asymmetric closed loop with branches of different lengths, (c) a T-junction network that splits into two branches of different
lengths, and (d) a ladder-inspired microfluidic device that synchronizes bubbles. The flow direction of the liquid is specified by arrows, and the
cross-sectional areas of the channels are constant.
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grows, it blocks the flow of the continuous phase, which causes
an increase in pressure further upstream. The continuous
phase squeezes the neck of the immiscible thread, hence the
designation of squeezing regime. Eventually, the neck collapses
when it becomes sufficiently thin, and a bubble or droplet is
released.29,35 The measured speed of the collapse of the neck is
independent of surface tension and orders of magnitude slower
than that of the capillary instabilities propagating along the
thread. The thread transitions through a series of equilibrium
states, each of which is defined as the shape with minimum
surface energy that encloses the dispensed volume of the
dispersed phase, before it ultimately breaks at the neck in a
reproducible manner.36,35 The same squeezing mechanism
occurs in T-junction devices.32,33,37

2.2.2. Production of Droplets or Bubbles at High
Capillary Numbers (Ca > 10−1). When co-flowing two
immiscible liquids, jetting is observed for Ca = O(10−1−100)
irrespective of the Weber number of the dispersed phase. The
viscous shear stresses cause the dispersed phase to form a
thinning jet. The jet breaks up into droplets due to the growth
and propagation of Rayleigh−Plateau instabilities along its
length.24 A Rayleigh−Plateau instability propagates as a wave on
a cylindrical fluid jet and ultimately results in the breakup of
the jet into drops to minimize surface area.38

In T-junction geometries, for example, at capillary numbers
of O(10−1) the thread of the dispersed phase is longer and
thinner than that in the squeezing regime. Droplet breakup
occurs further from the junction where the dispersed and
continuous phases meet. Evidence of squeezing, however,
remains. Low-amplitude pressure oscillations in the continuous
phase are observed, and the dips in pressure coincide with the
release of a droplet. When the capillary number increases even
more, jetting occurs, and a long, thin thread of the dispersed
phase extends into the channel through which the continuous
phase flows.33,37,34 Jetting has also been observed in flow-
focusing geometries.30

3. INDIVIDUAL BUBBLES OR DROPLETS IN
MICROFLUIDIC NETWORKS

As bubbles or droplets travel through microfluidic networks
composed of channels with constant cross-sectional areas, such
as those depicted in Figure 2, they show nonlinear behaviors.
At a junction of two diverging paths, a bubble or droplet will
choose the path with the lower hydraulic resistance or,
equivalently, the one through which the continuous phase
flows more quickly.39−41 The hydraulic resistance is a measure
of how difficult it is for a fluid to flow through a channel; it is
defined as the ratio between the pressure difference across the
channel and the resultant flow rate.18 The decision of which
path to select is local because it depends on the flow rates of
the continuous phase through the branches immediately
extending from the junction. The flow rates are, of course,
dependent on the configuration of bubbles or droplets
throughout the network at any given time; the presence of
other bubbles or droplets within the network will dynamically
alter the resistance of each branch. Therefore, the overall path
that a bubble or droplet takesfrom its entry into to its exit
from a networkmay not be the shortest one in distance.39

The discussion here will focus on bubbles or droplets that do
not split at junctions and whose inter-droplet spacing, λ, is
large as compared to their size.
The path selected by a droplet entering a microfluidic

network depends on the hydraulic resistance of the network

devoid of droplets and the presence of other droplets within
the network. An asymmetric closed loop, for instance, consists
of two branches of different lengths that diverge at a junction
and rejoin at the outlet, as depicted in Figure 2b. In the
absence of other droplets in the loop, an incoming droplet will
travel through the shorter branch because it has a lower
hydraulic resistance than the longer one. Nevertheless, should
a droplet already be present in the shorter branch as another
droplet enters the loop, the hydraulic resistance of the shorter
branch will be greater than in its empty state.6 Therefore, the
hydraulic resistance of any branch, Ri, varies in time and can be
expressed as eq 4:

R t R n t R( ) ( )i i i d= ̅ + (4)

where R̅i is the resistance of the branch in the absence of
droplets, ni(t) is the number of droplets residing in the branch
at any given time, and Rd is the contribution of an individual
droplet to the hydraulic resistance.42 In the asymmetric closed
loop, water-in-oil droplets are produced at regularly spaced
time intervals. They admit nonlinear behaviors: the time
intervals between consecutive droplets that emerge from the
closed loop may differ from those between droplets that enter
it. As droplets are produced more frequently, more reside in
the network at any given moment in time and the resistance of
each branch deviates from its original value of R̅i in accordance
with eq 4.42,6,43 Period-n and aperiodic behaviors have both
been observed. Period-n, where n = {1, 2, 3, 4, 5, 7}, refers to
the n distinct time intervals between droplets that emerge
consecutively from a network. These time intervals repeat,
which means that the time interval between the first and
second droplet is the same as that between the (n + 1)th and
the (n + 2)th droplet. The system moves from different period-
n to aperiodic modes as the frequency of droplet generation is
altered. Despite these obvious nonlinearities, time-reversibility
is preserved: the original, regularly spaced time intervals
between incoming droplets can be recovered by running the
flow in reverse.6

The nonlinear behavior of individual bubbles and droplets in
networks could perhaps be used to manipulate droplets in
microfluidic devices. For instance, a ladder-inspired device
composed of two separate parallel channels that are connected
by a series of transverse channels, or rungs on a ladder,
synchronizes the motion of two bubbles that enter the ladder
through separate parallel channels at different times, as
pictured in Figure 2d.44,45 When the continuous phase flows
through the parallel channels at the same flow rate and the
channel outlets are maintained at a constant pressure, the
leading bubble will slow and emerge from the device at
approximately the same time as the lagging bubble.42 This
phenomenon occurs due to a flow induced from the channel
containing the leading bubble to that holding the lagging
one.44 Given the asymmetry in the boundary conditions, the
lag between the two bubbles can be re-established by operating
the device in reverse.42 The presence of a surfactant in the
continuous phase could potentially affect the velocity of the
bubbles, as was demonstrated for the case of bubbles flowing
through two identical branches that split at a junction and
merge further downstream.46 The synchronization of bubbles
or droplets could be important when, for example, merging
bubbles or droplets produced in separate bubble or droplet
makers.
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4. BUBBLE OR DROPLET TRAINS IN MICROFLUIDIC
NETWORKS

Trains of bubbles or droplets refer to a sequence of closely
spaced bubbles or droplets, separated by a constant distance, λ.
The behavior of trains of bubbles or droplets in microfluidic
networks is qualitatively different from that of individual
bubbles or droplets. For instance, in a network composed of
cascaded T-junctions such as that shown in Figure 2a, this shift
in behavior occurs at a critical number density, namely when
the total hydraulic resistance contributed by all the bubbles in
the network is approximately equal to the hydraulic resistance
of a pathdevoid of bubbles but containing the continuous
phaseconnecting the inlet and outlet of the network.39

Leading droplets in the train interact with branches beyond the
junction and report global information on the network through
changes in the flow rate and pressure. The bubbles in the train
behave like the continuous phase, distributing themselves
among the different paths in roughly the same ratio as that for
the flow rate of the continuous phase. As such, most bubbles
follow the path in which the carrier fluid moves most quickly,
namely the shortest path in the network.39,47

4.1. Collective Hydrodynamic Feedback and Collisions of
Bubbles or Droplets

When bubbles and droplets move in trains, their spacing and
confinement impacts the way in which they interact.39,40 For
instance, as shown in Figure 2c, when a train of monodisperse
water-in-oil droplets arrives at a T-junction that splits into two
branches of different lengths, each of which terminates at
separate outlets maintained at the same pressure, the droplets
divide between both branches.40,48 The mechanism that drives

their repartition (namely their separation between branches),
however, depends on the extent of their confinement. The
confinement is quantified by the ratio, ρc, of the radius of the
droplet to that of the channel. As expected, when droplets are
small and sufficiently far apart to not qualify as entities in a
train, they travel through the shorter branch and hardly add to
the hydrodynamic resistance of the channels. Below a critical
value of the inter-droplet spacing, λ, however, droplets in a
train will be diverted to the longer branch because the
hydrodynamic resistance of the shorter branch when filled with
droplets exceeds that of the longer branch. Keeping the inter-
droplet spacing constant, repartition of droplets into both
branches occurs due to either collective hydrodynamic
feedback when ρc > 0.85 or collisions when ρc < 0.75.40

Phenomena in vehicular traffic11 and the circulation of red
blood cells (RBCs)49,50 have also been observed in micro-
fluidic networks filled with bubble or droplet trains. For
instance, in a microfluidic vascular network composed of
serpentine channels that split and join at T-junctions, confined
water-in-oil droplets initially explore all paths;40 eventually,
however, they organize into trains that oscillate between the
branches.49 This phenomenon is illustrated in Figure 3. These
oscillations can be suppressed by inter-droplet collisions at
junctions and thus through momentary changes in the
frequency of droplet production. The simultaneous occurrence
of oscillations and collisions could explain why low-amplitude
oscillations of RBCs in vascular networks have been observed
in animals and humans.51,52 Nevertheless, the collision of
RBCs is a less deterministic process than that of droplets, as a
successful collision of RBCs requires two properly oriented
RBCs to reside in a junction at a given time. A model of the

Figure 3. Water droplets (blue) flowing in oil (yellow) initially distribute themselves along all branches of a microfluidic network (a and b), but
eventually organize into trains that oscillate between branches (c and d). Figure reproduced from 49. Copyright 2019 Springer Nature.
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droplets in the microfluidic network, which accounts for
probabilistic droplet collisions by way of the plasma skimming
function (eq 5) and omits details of the flow around each
droplet, predicts small amplitude oscillations in certain
conditions. The plasma skimming function is given by eq 5:

p Q
Q

Q Q
( )i

i
s

i
s

j
s=

+ (5)

where the subscripts i and j refer to two separate branches
beyond a junction, Q is the flow rate in either branch, and s is
an exponent that reflects the degree of determinism in the
system. In the limit of s → ∞, the system is deterministic, and
the droplets will always travel through the branch in which the
continuous phase flows the fastest. When s = 1, the probability
that a droplet travels through a certain branch is proportional
to the flow rate therein. Mathematical models based on actual
in vitro data estimate s = 2−2.5, while continuous
hemodynamic models overestimate the parameter at values
of s > 4 or s > 5. The microfluidic model estimates s = 2.2, in
close agreement with the values based on in vitro measure-
ments.49

The size and spatial arrangement of bubbles and droplets in
a train can be made more complex beyond a single-file line of
monodisperse bubbles and droplets. For instance, droplets can
assume complex spatial patterns and shapes in the outlet of a
T-junction device;34,53 similarly, bubbles or droplets can
assume intricate arrangements in an outlet shared by several
flow-focusing devices.54 It is also possible to generate a stable
periodic train of multidisperse bubbles in a modified T-
junction device operated at intermediate pressures, whereby
five T-junctions are cascaded and all channels carrying the
continuous phase are connected (Figure 4). The breakup of
the gaseous thread into a periodic collection of bubbles occurs
due to a separation of timescales, namely the slower timescale
of the breakup of the gaseous thread and the faster one
describing the transmission of pressure among the T-junction
nodes at the speed of sound in water. This periodic behavior is
resilient for nearly 105 periods.55 In flow-focusing devices,
periodic and chaotic bubbling modes have also been reported
at capillary numbers of O(10−4−10−2) and Reynolds numbers
as high as O(102). Monodisperse, period-2, period-3, and
period-4 modes have been achieved, where period-n refers to
the n number of sizes of bubbles that are produced iteratively.
Inertial effects and the recoil of the gaseous thread after
breakup are predominantly responsible for such bifurcations in
the size periodicity.56 Flow-focusing devices that are coupled,
meaning that adjacent devices share their supply of the
continuous phase but have their own inlet for the dispersed
phase, can also be used to produce period-1, period-2, and
period-4 bubble trains.57

5. MICROFLUIDIC CRYSTALS

5.1. One-Dimensional Microfluidic Crystals

A one-dimensional (1D) microfluidic crystal can be defined as
a train of evenly spaced, pancake-shaped droplets, or
equivalently bubbles, that flows through a channel.58 The
droplets are wedged between the top and bottom walls of a
channel and may or may not contact the lateral walls of the
channel depending on their volume. They experience drag
forces, due to the flow of the continuous phase and the
hydrodynamic interactions with neighboring droplets, and

frictional forces due to their contact with the channel walls.
The drag and frictional forces should sum to zero given the low
Reynolds number condition. The dipolar hydrodynamic force
between droplet pairs decays as 1/r2, where r is the radial
distance from the droplet. The force increases as the inter-
droplet spacing decreases and is directed opposite to the flow.
Thus, a group of droplets whose inter-droplet spacing is
smaller than that characteristic of the rest of the crystal will
move more slowly. The droplets moving behind this group will
catch up to it, while those ahead of it will escape.
Consequently, the densely packed group of droplets will
move opposite to the continuous phase with a characteristic
longitudinal wave speed, as depicted in Figure 5. Moreover, in
the reference frame of the continuous phase, the crystal will
appear to move more quickly as the inter-droplet spacing
decreases.59,58

A 1D microfluidic crystal exhibits transverse (in y) and
longitudinal (in x) excitation modes that are analogous to
phonon modes in solid-state crystals and that depend on the
geometric confinement of the droplets or bubbles. Out-of-
plane vibrational modes are not allowed because the crystal is
wedged between the top and bottom walls of the channel.58

The confinement parameter, γc, is the ratio of the droplet
diameter to the width of the channel. For unconfined droplets
with γc ≤ 0.1, the dispersion relations, ω(k), that give the
angular frequency of the waves, ω, as a function of their
wavenumber, k, are antisymmetric: ωx(k) = −ωy(k). In
contrast to the symmetry of standing waves accommodated

Figure 4. (b) Generation of periodic bubble trains in a modified
microfluidic T-junction device, as compared to the traditional device
depicted in (a), composed of five T-junctions placed in series, (c−g)
pictured at five different moments during a single period and (h−k) at
four later times for which the same pattern can be observed. Figure
reproduced from 55. Copyright 2005 Springer Nature.
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in most harmonic crystals, this antisymmetric property arises
due to the unidirectional flow of the continuous phase. Defects
in the crystal can be attributed to the finite length or
perturbation of the droplet train. When droplets are confined,
the crystal exhibits qualitatively different behaviors. In
particular, the longitudinal and transverse wave modes are no
longer antisymmetric. Vibrational modes cannot be detected
when γc ≳ 0.65, as the droplets impede the flow of the
continuous phase so significantly that excitation modes cannot
be induced.59,60

In an ensemble of microfluidic droplets that randomly
occupy and flow through a two-dimensional space, long-range
velocity correlations exist due to hydrodynamic interac-
tions.59,61,62 These correlations can be reproduced in a
model that accounts for the hydrodynamic interactions
between a dipole pair and a third droplet, representing the
ensemble.61

5.2. Two-Dimensional Microfluidic Crystals

Two-dimensional (2D) microfluidic crystals are packings of
monodisperse bubbles or droplets that exhibit spatial ordering
and form a monolayer due to confinement between the top
and bottom walls of a microfluidic channel.63 For slow-flowing
crystals, preferred packing structures tend to minimize
interfacial energy. The structures depend on parameters such
as the volume fraction (or projected surface area coverage) of
the dispersed phase, the cross-sectional area of the bubbles or
droplets, and the width of the channel containing the
crystal.63−65 Some structures are unstable and can change in
time due to topological rearrangements. For example, as shown
in Figure 6a, a 2D microfluidic crystal produced in a flow-
focusing device can coexist in two states: a hex-two structure,

composed of two rows of closely packed bubbles, and a hex-
one structure, composed of one row of bubbles that all span
the width of the channel.66,67 This coexistence occurs over a
certain range of pressures of the gas phase.67 Surprisingly, the
flow velocity of the crystal does not change over this range, and
the front that demarcates the transition between the hex-one
and hex-two structures remains stationary.67,68 Oscillatory or
entirely random transitions between the hex-one and hex-two
structures can also be induced.67

5.2.1. Topological Rearrangements. In many instances,
the topological rearrangements that are responsible for this
kind of structure switching67 are classified as T1 events.69 T1
events correspond to the rearrangement of four adjacent
droplets or bubbles to reduce the total interfacial energy,69 as
depicted schematically in Figure 6b. Two of the bubbles or
droplets, referred to as the diverging pair, are initially touching
one another, while the other two, referred to as the converging
pair, are vertically separated by the diverging pair. The pairs
rearrange such that the converging pair ultimately touches and
the diverging pair is separated horizontally by the converging
pair.70,71 T1 events propagate in a specific direction at a
characteristic wave velocity.70−72 They have been observed as a
2D hexagonal crystal composed of oil droplets flows through a
linearly tapered constriction70,71 or as a dense packing of
bubbles flows through a channel with constrictions and
expansions.72 These events are localized spatially to specific
areas of the channel, termed rearrangement zones.70−72

6. NONLINEAR FLOWS IN MICROFLUIDIC DEVICES

6.1. Mixing

Mixing is a process characteristic of high-Reynolds-number,
turbulent flows. The process of mixing two liquids together is
diffusion-limited at low Peclet numbers. To compensate,
prohibitively long channels are required for adequate mixing to
occur. This challenge can be overcome by the bas-relief
patterning of an asymmetric herringbone motif on the floor of
a microfluidic device, which induces rotational and extensional
flows. The ridges generate transverse components in the flow
because the fluid encounters less viscous resistance moving
along the ridges than moving orthogonal to them. By
alternating the orientation of and tuning the degree of
asymmetry of the herringbones, the center of rotation of the
fluids and the mixing efficiency, respectively, can be changed,
as shown in Figure 7. In the staggered herringbone design, the
mixing length is shortened, growing as the logarithm of the
Peclet number rather than linearly with the Peclet number as
in the laminar flow regime.73 Although the flow velocity scales
linearly with the pressure drop across the channel, the three-
dimensionality of the flow leads to flow characteristics
unexpected for Re < 100. Moreover, the mixing problem itself

Figure 5. Longitudinal wave traveling through a one-dimensional
microfluidic crystal composed of water-in-oil droplets. The droplets
touch the top and bottom walls of the microfluidic channel, and the
direction of the flow of the oil is specified by the arrows (scale bar: 50
μm). Figure adapted from 58. Copyright 2006 Springer Nature.

Figure 6. (a) Coexistence of hex-one (shaded in yellow) and hex-two (shaded in red) phases, where the continuous phase flows at 5 μL·min−1 and
the pressure of the gas phase is 3.46, 3.75, 4.09, and 4.73 kPa (from the top to bottom panels). The position of the stationary front where the
structure switching occurs is denoted by the black dot. (b) Schematic illustration of a T1 rearrangement event of droplets or bubbles, where the
converging pair is in blue and the diverging pair is in green. Panel (a) adapted from 67. Copyright 2009 American Physical Society.
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is nonlinear. If one were to track the position of a dyed fluid
element, the position of the fluid element would depend on the
three-dimensionality of the flow, thereby resulting in a complex
nonlinear function. Mixing can be achieved through other
methods in microfluidics,74,75 ranging from oscillatory flow
perturbations76 to bubbles or droplets as fluid mixers or
containers for mixing.77,78

6.2. Gradient Makers

Controlled concentration gradients are difficult to generate in
microfluidic devices due to diffusion-limited mixing.79 These
limitations can be overcome through the design of a branched
microfluidic network in which a buffer and a (fluorescently
labeled) solution, for which the concentration gradient will be
established, are injected through separate channels that split
and recombine; the hydraulic resistance of the branches and
the number of buffer or solution inlets can be tuned. The final
concentration gradient, which is measured across the width of
the outlet channel of the device and quantified by the
fluorescence intensity, can have Gaussian, skew, exponential,
and power-law forms.80,81 Nonlinear gradient makers can also
be designed by placing barriers of different lengths and in
varied numbers, aligned with the direction of fluid flow, to
separate and guide streams of flowing solutions in a channel.79

6.3. Nonlinear Flows in Devices with Geometric Barriers

Nonlinearities in microfluidic flows can occur in devices with
geometric barriers. When placed at the opening of a
converging channel, a cylindrical barrier can suppress82 the
breakup of droplets in a dense packing of flowing droplets.83

Droplets are forced to travel through the narrow gaps
demarcated by the barrier and the converging nozzle. Due to
the velocity differential between the front and back ends of a
droplet as it emerges from the gap, it elongates in the direction
perpendicular to the flow, which counteracts the elongation in
the streamwise direction that leads to breakup.82

Particles can also be separated by size when flowing through
a microfluidic channel containing an array of cylindrical posts.
The array consists of rows of cylinders that are evenly spaced
by a distance λ. Each row of cylinders is laterally offset by Δλ
relative to the one above, where Δλ is a fraction of λ. Size
separation of the particles occurs because ones that are smaller
in diameter than λ will follow the fluid streamlines, while ones
that are larger than λ will bump into the posts and follow the
streamlines that coincide with their center of mass. The
collision of the large particles with the posts leads to
nonlinearities in their motiondependent on the particle
size and not collinear with the pressure gradient. To separate
particles with more than two sizes, the array of posts can be
extended such that it is composed of multiple sections, each
with a unique post diameter, without changing the values of λ
and Δλ between sections.84

Figure 7. Flow of two miscible solutions, one labeled with fluorescein,
at Re ∼ O(10−2) through a channel (a) without patterning, (b) with
ridges on its floor, or (c) with a staggered herringbone motif on its
floor. The flow is imaged at (a and b) 3 cm and (c) 0.2, 0.4, 0.6, 0.8, 1,
and 3 cm from the injection point. Figure adapted from 73. Reprinted
with permission from AAAS. Copyright 2002 AAAS.

Figure 8. (a) Self-coalescence module in which a fluid (in yellow) mixes with a dried reagent (in red) that is spotted on a substrate due to the
presence of a shallow leading barrier that functions as a capillary pinning line. (b) Long-exposure images of 4.8 μm tracer particles inside the
module, where the leading barrier is not pictured due to background subtraction. Figure adapted from 89. Copyright 2019 Springer Nature.
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6.4. Capillary-Driven Flows

Capillary-driven flows in microfluidic channels can occur
spontaneously and in the absence of pressure gradients.
Examples include liquid wicking through the pores of dry
paper85 and fluid flowing through open or suspended channels
with neither tops nor bottoms.86 In the former case, the
distance that the liquid has advanced, as measured from its
point of injection, scales with the square root of time.87 In the
latter case, the fluid advances through a channel filled with air
or an immiscible liquid to reduce its total interfacial energy.86

Capillary forces can also be used to mix a dried reagent,
spotted on a substrate, and a liquid. Normally, Taylor−Aris
dispersion causes a reagent to accumulate at the front of a
flowing liquid plug, which results in a concentration gradient of
the reconstituted reagent.88 In a microfluidic channel, a narrow
barrier, located between an air-filled compartment in which
dried reagents are spotted on a substrate and a compartment
containing a flowing liquid, causes the liquid to flow back on
itself rather than proceed longitudinally, as per Figure 8a. The
barrier serves as a capillary pinning line such that the fluid
flows toward the liquid−gas interface, as evidenced by Figure
8b.89 This promotes mixing between the liquid and the spotted
reagents before the well-mixed solution bursts past a valve,90 or
diversion barrier, and into the rest of the device. The
concentration profile of the reconstituted reagents can be
controlled by tuning the size of and spacing between the
spots.89

8.5. Inertial Microfluidics

Inertial microfluidics refers to inertial flows that arise in, for
example, curved microfluidic channels or devices operated at
intermediate Reynolds numbers. For a curved channel whose
cross-sectional radius, w, is far less than its radius of curvature,
R, the characteristic axial flow velocity, u, can be approximated
by the familiar parabolic flow in a pipe given by eq 6:

u u r w1 ( / )0
2∼ [ − ] (6)

where u0 is the magnitude of the velocity along the centerline
of the channel and r is the radial distance from the centerline
such that u = 0 at the walls as per the no-slip boundary
condition. The inertial centrifugal force per unit volume of
fluid, f inertial, cannot be neglected; rather, it can be
approximated as eq 7:20

f u r w R1 ( / ) /inertial 0
2 2 2ρ∼ [ − ] (7)

The variation in the centrifugal force in the radial direction,
along with the conservation of mass and the condition of no
mass flux across the channel walls, gives rise to two
recirculation regions in the channel, above and below the
center line of the channel, which are of opposite senses.20,91

This secondary flow structure is often referred to as a Dean
flow, as pictured in Figure 9b. Particles within a fluid flowing in
a curved channel will experience a drag force that is
proportional to the Dean flow velocity, uD:

u /2 wD
2κ μ ρ∼ · (8)

where Re w R/κ = is the Dean number and Re = 2ρu0w/μ is
the Reynolds number.92,91,93 The same analysis extends to
tubes with rectangular cross-sections.94

At intermediate Reynolds numbers, particles flowing in
microfluidic channels migrate to equilibrium positions.95,96,94

Particle focusing arises due to two predominant inertial lift
forces: one that points away from the channel wall and another
that points down the shear gradient, which in the case of a
pressure-driven Poiseuille flow points from the channel
centerline toward the wall.92,93 The magnitude of the lift
force depends on the size of the particles, with radius a, relative
to the width of the channel.92,97 For instance, in the case of
particles flowing through a square channel with width H at Re
= 80, the lift force, Flift, scales as Flift ∝ ρu0

2a3/H near the
channel wall and as Flift ∝ ρu0

2a6/H4 near the channel
centerline.98 When operating a microfluidic device containing
curved channels at intermediate Reynolds numbers, equili-
brium positions, where particles are inertially focused, may
shift relative to their arrangement in non-curved channels at
the same Reynolds number,93 as demonstrated for a specific set
of experimental conditions in Figure 9. The ability to
manipulate the equilibrium position of particles enables
applications in the separation, filtration, or sheath-less
alignment of particles.93,92,97,99,94,100,101

Oscillations, amplifications, and flow-switching behaviors
can be achieved when operating a flow with Re (10)≳ in
microfluidic channels containing cylindrical posts, as depicted
schematically in Figure 10. Braess’ paradox, which says that the
closure of a channel linking two parallel channels causes an

Figure 9. Cross-sectional view of the fluid flow velocity profile within (a) a straight rectangular channel and (b) a curved rectangular channel at
intermediate Reynolds numbers, where the velocity ranges from zero (in dark blue) at the walls to its highest value (in red) at the center. When the
flowing liquid contains particles, the particles in the straight channel are focused into equilibrium positions, which are marked by gray circles in
panel (a) for a specific set of experimental conditions. When the channel is curved, some equilibrium positions become unstable, as indicated by the
translucent gray circles in panel (b) for this set of conditions. The arrows in panel (b) show the secondary Dean vortices that emerge. Flow patterns
reproduced from 93. Copyright 2014 Annual Reviews Inc.
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increase in the flow throughput,102 can be reproduced in a
microfluidic device at Re (10)≳ that contains cylindrical
obstacles in one of the parallel channels. The direction of flow
through the linking channel switches depending on the
pressure applied at the inlet of the device. These behaviors
can be explained by the Forchheimer effect, whereby the
pressure drop across a porous medium (here a channel
containing micrometer-sized cylindrical posts) scales quadrati-
cally with the flow rate due to non-negligible inertial effects.11

By simulating the addition of rectangular obstacles in the
linking channel, an even greater array of nonlinearities in the
flow, including oscillations, bistabilities, conductance switching
events, and signal amplification processes, can occur.12

6.6. Diffusiophoresis

Diffusiophoresis is a phenomenon by which particles move
along solute concentration gradients, which occurs through a
combination of chemiphoresis and electrophoresis when the
solute is an electrolyte.103 The former effect refers to the
osmotic pressure imbalance along the surface of a particle due
to the concentration gradient, which results in the flow of fluid
at the particle’s surface toward the region of lower solute
concentration. The latter effect denotes the flow of fluid within
the Debye screening layer of the particle due to the local
electric field that arises by virtue of the difference in
diffusivities of the co- and counter-ions. Ultimately, the particle
moves in the direction opposite to the surface fluid flow. This
process is depicted schematically in Figure 11 for a particle
with a negative surface charge in the presence of a binary
electrolyte whose anion diffuses more quickly than its cation.
The diffusiophoretic velocity of a particle scales as the gradient
of the logarithm of the solute concentration, meaning that it is
a nonlinear function of the solute concentration.104,105,103 The
advent of microfluidic technologies has enabled the creation of

sharp concentration gradients at junctions. It has given rise to
many possible applications, such as the recovery, filtration,
separation, and size segregation of colloidal species, bacteria,
and large biomolecules.104,106,105 Diffusioosmotic effects,
which refer to the interaction of the solute with the stationary
channel walls, also occur in microfluidic devices.107

7. USE OF FLUIDS TO INDUCE NONLINEARITIES IN
MICROFLUIDICS

Nonlinear flows can occur in microfluidic devices operated at
low Reynolds numbers when special classes of fluids are used,
including non-Newtonian fluids99,3 and liquid metals (mercury
and alloys of gallium and indium, such as eutectic gallium
indium and Galinstan).108,109 The Stokes equation (eq 2)
cannot accurately describe the flow of non-Newtonian fluids in
microfluidics despite the low Reynolds numbers because the
stresses in the fluid may be anisotropic and the viscosity may
be shear-rate-dependent.97 Table 2 highlights dimensionless
parameters that describe non-Newtonian flows.20 The
Weissenberg number, Wi, is one such parameter, and it
corresponds to the ratio of the relaxation time of a polymer in
solution to the timescale typical of the extensional or shear
flow.20 When the Weissenberg number is sufficiently high and
the Reynolds number is low, namely Re < 1, a non-Newtonian,
or viscoelastic, solution composed of a high-molecular-weight
polymer in very low volume fractions will effectively undergo
turbulent flow. Given the high Weissenberg number, the slow
relaxation of the polymer molecules in solution will generate
elastic stresses, especially when the flow has curved stream-
lines. This process is known as elastic turbulence.110 Before the
transition to turbulence, the flow undergoes elastic instabilities.
In extensional flows, such instabilities occur at Wi ≳ 0.5.111,112

Elastic turbulence and flow instabilities can be leveraged to
expand the functionality of microfluidic devices. First, it is
possible to mix two fluids at low Reynolds numbers by adding

Figure 10. Top-view schematic of a microfluidic device containing
cylindrical barriers (solid circles). Two liquids (drawn in pink and in
blue) behave according to Braess’ paradox, where the total flow rate,
as measured by the sum of Q4 and Q5, increases upon closing the
linking channel. By changing the applied pressure at the inlet, the
fluids also exhibit flow-switching behavior where the flow direction in
the linking channel changes, as evidenced by panels (a) and (b). The
addition of rectangular barriers in the linking channel (dotted-lined
rectangles) can lead to further nonlinearities in the flow. Figure
inspired by figures appearing in 11 and 12.

Figure 11. Schematic illustration of the diffusiophoretic migration of a
colloidal particle out of a dead-end pore, where dark gray indicates a
high concentration level of a binary electrolyte and light gray indicates
a low concentration level. As shown in the inset, when suspended in
an aqueous solution, the particle acquires a surface charge and the
fluid flows along its surface due to an osmotic pressure imbalance
within the Debye screening layer (κ−1) and local electrophoresis. The
particle moves in the direction opposite to that of the fluid flowing
along its surface. Figure inspired by a figure appearing in 133.
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a high-molecular-weight polymer to the fluids at a concen-
tration as low as tens of parts per million, as shown in Figure
12a. In the absence of the polymer, mixing would be diffusion-
limited; however, the introduction of the polymer, coupled
with the use of a sinusoidal-shaped planar channel, leads to the
mixing of two laminar streams due to elastic stresses in the
flow.113 Second, size-based particle separations can be
performed at Reynolds numbers of O(10−4−10−2) and
Weissenberg numbers of O(100) due to elastic lift forces
acting on the flowing particles.114,115 Particles as small as 20
nm can be effectively separated from a suspension flowing
through a rectangular channel with oscillating pressure values
across its inlet and outlet.114 Third, the direction of flow can be
rectified. For example, at Wi ≳ 0.8, the flow rate of a polymer-
containing solution through a planar channel, composed of a
sequence of axially aligned triangles whose respective apexes
and bases are connected by narrow constrictions, is
significantly higher in the forward direction than it is in the
reverse direction, as depicted in Figure 12b. This asymmetry
occurs because vortices, which emerge at the base corners of
each triangle, are more random and irregular in the reverse
direction, thereby increasing elastic stresses in the fluid and its
resistance to flow.116 Fourth, upon flowing a polymer solution

through a curvy channel that also has contractions and
expansions at Wi ≈ 1 and Re ≈ 0.06, flow rates can be held
relatively stable despite changes in applied pressures. Over
differential pressures ranging from 22 to 220 Pa, the flow rate
through the device only varies by 38%, namely 20 ± 5 nL·
s−1.117

Liquid metals, namely metals that are liquid at room
temperature, are an emergent class of fluids employed in
microfluidic devices. Mercury has been used in micro-
electromechanical systems, and its flow can be controlled by
applying an electric potential across an electrolyte solution in
which it is suspended.118,119 Now, eutectic gallium indium
(EGaIn) and Galinstan, an alloy of gallium, indium, and tin,
are choices preferred to liquid mercury due to their low
toxicity.109,108 EGaIn spontaneously forms a thin oxide layer
when in contact with air, which means that structures or shapes
can be generated that may otherwise be unstable under the
influence of gravity or surface tension.108 The surface tension
of an EGaIn−electrolyte solution interface can be reduced by
applying a bias voltage to the EGaIn or by chemically removing
the oxide layer by treatment with an acid or a base.120,121 By
controlling the bias voltage, the size of EGaIn droplets formed
in co-flowing devices120 or the morphology of EGaIn streams
flowing from an orifice into an electrolyte solution122 can be
precisely controlled. Droplets120 and wires122 made from liquid
metals may contribute to the development of wearable
electronics and conductive inks.123 Other applications of liquid
metals in microfluidics108 range from their use as fugitive inks
to print microchannels124 to their implementationin droplet
formas fluid mixers owing to Marangoni fluid flows along
their surface upon the application of an oscillating bias
voltage.125,126

8. STIMULI-RESPONSIVE COMPONENTS IN
MICROFLUIDICS

It is possible to make geometric components in microfluidic
devices from chemically responsive or flexible materials. The
structural changes that they undergo may induce nonlinearities
in the flow.20

8.1. Flexible or Compliant Components

Elastomeric materials can be used as components in micro-
fluidic devices. Their Young’s moduli, a material property that

Table 2. Dimensionless Parameters Describing the Flow of
Non-Newtonian Fluids in Microfluidic Devices

Weissenberg
number

Wi = τpe ̇
product of the polymer relaxation time
and the deformation rate of the flowor

Wi = τpγ̇

Deborah
number

De p

f

τ
τ

=
ratio of the polymer relaxation time to
the characteristic timescale of flow,
approximated as u/fτ =

elasticity
number

El
De
Re

p
2

τ μ

ρ
= =

ratio of Deborah to Reynolds numbers
or a relative comparison of elastic
and inertial effects

where τp: characteristic polymer relaxation time SI units: s
τf: characteristic timescale of flow SI units: s
e:̇ elongational or extensional rate SI units: s−1

γ̇: shear rate SI units: s−1

u: characteristic velocity of the fluid SI units: m·s−1

l: characteristic length scale SI units: m
μ: dynamic viscosity of the fluid SI units: Pa·s
ρ: density of the fluid SI units: kg·m−3

Figure 12. (a) Mixing of two identical aqueous solutions composed of 65% saccharose, 1% sodium chloride, and 80 ppm of polyacrylamide, which
are flowed side-by-side in a sinusoidal shaped planar channel at Re = 0.16. The co-flowing streams, one labeled fluorescently which makes it appear
white in color, are photographed at the N = 29 half-ring and are well-mixed, as per panel (a3). In the absence of the polymer, the streams do not
mix, as shown in panel (a2). (b) Rectification of flow in a microfluidic device upon adding 0.01% by weight of polyacrylamide to an aqueous
solution of sucrose, sodium chloride, and Tween 20. Each column corresponds to a given pressure difference across the device. The top row
corresponds to flow in the forward direction, and the bottom row corresponds to flow in the reverse direction. Panel (a) adapted from 113.
Copyright 2001 Springer Nature. Panel (b) adapted from 116. Copyright 2004 American Physical Society.
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describes their stiffness, can be tailored by altering the relative
ratio of the cross-linking agent to the elastomeric base polymer.
When the cross-linking agent is present in low amounts, the
material is more compliant and, consequently, can experience
larger deformations by the flow.3,127 In fact, compliant
elastomers can be cast into membranes that serve as fluidic
capacitors, as shown in Figure 13a.128,129 When the membrane
is used to seal the top of a channel, it will expand under flow;
its capacitance is defined by the additional volume of fluid that
it can accommodate in its deformed state per unit of applied
pressure. If a barrier, whose height spans the channel, is
introduced, then the component acts as a diode, as illustrated
in Figure 13b. When the membrane is undeformed, the fluid
flow is obstructed; however, when deflected upward, the fluid
can pass through the channel. By actuating a circuit composed
of two fluidic branches with an oscillatory pressure input,
where each branch contains a capacitor with a distinct resonant
frequency (and hence compliance), a resistor, and a diode in
series, a band-pass filter is obtained; the flow rate through a
particular branch is maximized for a specific excitation
frequency. When the oscillatory frequency is sufficiently
large, namely O(102−103 Hz), then fluidic inductance must
be considered.128 Here, inductance, L, refers to the inertial
effects due to unsteady flows. The pressure change that is
induced can be expressed as eq 9:

p L
Q
t

d
dLΔ =

(9)

where pL is the pressure change caused by fluid induction and
dQ/dt is the time derivative of the flow rate Q.128,3

Flexible materials can also be used to fabricate flow valves.3

For example, multi-layer microfluidic devices made from
elastomers like polydimethylsiloxane (PDMS), known to
many as Quake valves,130 can be used to pump or control
the flow of fluids.130,131 In their simplest iteration, the bottom

(or flow) layer contains a network of channels in which fluids
flow, while the upper (or control) layer consists of pneumati-
cally activated channels. When a specific channel in the control
layer is pressurized, it expands and obstructseither partially
or completelythe flow of fluid through the channel below it.
Should a control channel have a rectangular cross-section, then
fluid flow may persist when the control channel is
pressurized.130

Check and switch valves can also be fashioned from multi-
layer elastomeric components, as per Figures 13(c and d). The
valves consist of a flexible membrane that separates two
chambers, the top one of which contains a post that contacts
the membrane in its undeformed state; each valve admits two
fluids as inputs, namely one for each chamber. In the check
valve, there is a hole in the membrane. Accordingly, when the
membrane is undeformed, the fluids can only flow in one
direction, that being through the hole so as to go from the
upper chamber to the lower chamber. In the switch valve, a
deformable channel is added to the lower chamber. By
pressurizing this “access” channel, the membrane can be
restored to its undeformed state even when a large pressure
gradient is applied across the upper chamber. A microfluidic
oscillator can be designed by combining such check and switch
valves.5

8.2. Chemically Responsive Components

Chemically responsive materials can also be employed in the
design of microfluidic devices. These materials can undergo
structural changes in response to shifts in pH, temperature, or
chemical concentration. Autonomous flow control is made
possible by prototyping structures in such deformable materials
because the fluid itself induces a structural change in a channel
componentfor instance, a post or membranethat may
impede its flow.3 One such example involves coating
cylindrical posts with a pH-responsive hydrogel. The hydrogel
swells in a basic environment, and eventually the posts become

Figure 13. Design of microfluidic (a) capacitors, (b) diodes, and (c and d) check- and switch-valves using flexible elastomeric components. The
valves are depicted in both (c) layered and (d) cross-sectional views. Panels (a) and (b) reproduced from 128. Copyright 2009 Springer Nature.
Panels (c) and (d) reproduced from 5. Copyright 2010 Springer Nature.
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sufficiently wide to block the flow of fluid through a channel;
the change in diameter of the posts varies nonlinearly with
time and pH.132 In another example, a hydrogel is employed in
the construction of a microfluidic oscillator, which produces an
oscillatory flow rate output. In particular, the hydrogel serves as
a gating element that swells in the presence of water or
aqueous solutions containing low concentrations of alcohol. By
introducing water at a constant pressure and alcohol at a
constant flow rate as well as extracting fluid from the device at
a constant flow rate, it is possible to swell the hydrogel
periodically and to obtain an oscillatory flow rate output.
When the alcohol injection and fluid extraction flow rates are
set to O(101 uL·min−1) and the water pressure is set to O(102

mbar), the output flow rate oscillates with an approximate
frequency of 6 mHz.4

9. OUTLOOK AND CONCLUSION
In conclusion, nonlinear phenomena enable new capabilities in
microfluidics, especially ones that are atypical of low Reynolds
number flows. Bubbles or droplets transform the hydraulic
resistances of channels into variable quantities. A bubble or
droplet entering a microfluidic network adopts a path that
depends on that taken by a bubble or droplet already inside the
network; factors like the number of, the spacing between, and
the geometric confinement of bubbles or droplets will also
affect path selection. Certain bubble and droplet makers can
assume various bubbling modes: sometimes they can produce
monodisperse bubbles or droplets, and other times they can
generate bubbles or droplets in multiple sizes. Remarkably,
these behaviors are stable to perturbations. Microfluidic
crystals, namely ordered packings of droplets or bubbles in
one or two dimension(s), can exhibit vibrational modes,
topological rearrangements, and dislocations.
Nonlinearities in single- or two-phase flows can also arise

from the geometric features of devices, namely curved
channels, when Re > 0 and/or when the flowing fluid is
complex. Barriers can be made from inert or stimuli-responsive
materials, including compliant elastomers and hydrogels that
swell upon changes in the chemical concentration. When a
fluid interacts with responsive elements in a microchannel, it
can regulate its own flow. For example, the fluid may cause a
valve to expand and close, thereby blocking off a channel. At
intermediate Reynolds number conditions, particles can be
focused to certain positions in microfluidic channels.
Furthermore, the flow of non-Newtonian fluids and liquid
metals can lead to elastic turbulence or the formation of
structures that might otherwise be forbidden by surface tension
or gravity.
Nonlinear phenomena in microfluidics, as summarized in

Table 3, are undoubtedly worthy of study. They are interesting
and defy the common conception of what can be achieved in
microfluidics. While the linear and time-reversible character-
istics of Stokes flow translate into simpler behaviors in
microfluidic devices, nonlinearities extend the capabilities of
microfluidic technologies. The discovery of these phenomena
can come through the careful observation of experiments
conducted in the laboratory, the operation of microfluidic
devices in unexplored regimes, and even the design of systems
that incorporate materials or concepts uncommon in micro-
fluidics. Although this review has focused almost entirely on
experimental realizations of nonlinear phenomena, modeling
can be used to predict the emergence of nonlinear behaviors in
microfluidic geometries before experimental validation.

The difficulty that remains is to identify the purpose for
which these phenomena can serve. As it stands, nonlinear
phenomena are well-suited for study in a curiosity-driven
research program. Can they, however, be successfully
integrated into technologies for commercial use? There are
two challenges in their deployment beyond the laboratory.
First, some of their unique characteristics, although hard to
come by in other systems, do not lend themselves immediately
to practical applications. These include dynamics that are
stable to perturbations55 and the reporting of information
pertaining to fluid flow through an entire network at a single
junction.39 Second, the technical implementation of nonlinear
microfluidics is not without its challenges. Devices may be
made up of many components fashioned from different
materials, additives may be required to give fluids non-
Newtonian properties, and fluids may be consumed in larger
volumes if they are flowed at higher rates. Researchers should
strive to make nonlinear microfluidic applications, such as
mixing, separations, and fluid gating, more user-friendly;
otherwise, these solutions may lose their appeal, namely their
portability and microfluidic compatibility, compared to
mechanical stirrers, filters, or valves. It is our hope that
continued curiosity will lead to the discovery of new
phenomena that will expand the microfluidic toolkit and
resolve these outstanding challenges.
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