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Wave transport in random media: The ballistic to diffusive transition
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The character of wave transport through a strongly scattering medium, excited by a pulsed plane-wave
source, is investigated as a function of sample thickness over the range from about one to 13 mean free paths.
To examine the behavior theoretically, we perform a first-principles calculation of both the frequency corre-
lation function of the transmitted field and the time-domain profile of the transmitted intensity. These quantities
are investigated experimentally using an ultrasonic technique, which allows us to separate the ballistic and
scattered components of the total transmitted field, and hence to measure the scattered component unambigu-
ously in thin samples. For sample thicknesses greater than about four mean free paths, we find good agreement
between our theory, the diffusion approximation, and our experimental data for both the frequency correlation
function and the intensity time profile. In thinner samples, there are systematic differences between theory and
experiment. To characterize the transition from ballistic to diffusive behavior in thin samples, we focus on the
arrival time of the peak in thescatteredcomponent of the transmitted intensity; unexpectedly we find that the
scattered peak arrival time exhibits an abrupt crossover between ballistic and diffusive behavior when the ratio
of sample thickness to mean free path,L/l , is approximately equal to 3. Excellent agreement is obtained
between our theory and experiment for this crossover behavior over the entire range of sample thicknesses
investigated.@S1063-651X~99!12009-9#

PACS number~s!: 42.25.Dd, 05.60.2k, 43.35.1d
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I. INTRODUCTION

Wave transport is known to acquire diffusive character
the presence of multiple scattering@1#; as a result, the diffu-
sion approximation has been used very successfully to
scribe a wide range of fascinating wave phenomena
strongly scattering materials, including coherent backsca
ing, continuous-wave transmission, pulse propagation,
frequency, spatial, and temporal correlations@2–8#. Despite
the success and widespread used of this simple approx
tion, limitations exist. One such limitation must occur in th
samples, where the number of scatterings becomes ins
cient to randomize the phases of the emerging waves, a
crossover to ballistic transport must ultimately occur. Ho
ever, the nature of the ballistic to diffusive transition is n
fully understood, despite various approaches that have b
used to study this crossover. Many of these investigati
have probed the sample thickness at which the diffusion
proximation breaks down, and have found differing answ
to this question depending on the nature of the experim
and the degree to which deviations from diffusion theory
considered to be significant. For example, diffusing wa
spectroscopy~DWS! experiments@9# and steady state photo
transmission measurements@4,10# have indicated that the
transport of photons is diffusive for sample thicknesses,L, as
low as 3–5 transport mean free paths,l * . In contrast, pulsed
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optical transmission measurements@10–12# have reported
systematic deviations from diffusion theory at much larg
values of L/l * <8 – 10. In investigating these departur
from diffusive behavior, the importance of correctly descr
ing the sample boundary conditions within the diffusion a
proximation has also been emphasized@4,10#. Other investi-
gations have considered ways of extending the diffus
approximation to describe wave transport in thinner samp
Within the context of DWS, a solution of the transport equ
tion has been derived to account for the contributions
short scattering paths, which are increasingly ballistic in
ture, giving a simple correction to the diffusion approxim
tion that gives better agreement with experiment@13#. In
another approach, the telegrapher equation with suita
boundary conditions has been employed to account for
role of ballistic transport and scattering anisotropy, thus
tending the range of sample thicknesses over which D
can be used down to about two transport mean free p
@14#. Recently, another way of studying the crossover fro
ballistic to diffusive behavior has been demonstrated in
crowave experiments, where the statistical characteristic
the amplitude and phase of the transmitted field have b
directly investigated@15#. These experiments were able
probe the extent to which the phases of continuous waves
randomized by scattering as the sample thickness and n
ber of excited modes are varied. Despite the considera
progress that has been achieved in characterizing this cr
over, puzzles remain in seeking a quantitative understand
wave transport in thin strongly scattering samples@10#, mo-
tivating new theoretical and experimental approaches to
plore this behavior. While these issues are of considera
scientific interest, they are also of great practical importan
as an understanding of the transition from ballistic to diff
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sive behavior is essential for many applications that rely
multiply scattered waves, such as optical imaging of tis
and other biological materials@16#.

In this paper, we combine a first-principles theoretical c
culation with detailed ultrasonic measurements to explore
nature of the transition from ballistic to diffusive behavior
thin samples of a strongly scattering material. We consid
slab geometry in which a plane-wave pulse is incident
one side of the sample, and calculate both the temporal
tribution and the frequency correlation function of the tran
mitted waves that reach the opposite face of the sample.
advantage of focusing on pulse propagation is that we
able to examine contributions to wave transport through
medium of scattering paths of different lengths. We go
yond the limitations of the diffusion approximation by sol
ing the Bethe-Salpeter equation numerically in the spa
frequency domain to obtain the field-field frequen
correlation function of the transmitted waves, allowing us
calculate the contributions of both the ballistic and scatte
components of the total wave field. These solutions sho
apply to samples of any thickness, and are shown to co
spond to those obtained using the diffusion approximat
for thick samples. Our calculations of the frequency corre
tion function are also the basis for determining the tempo
profile of the transmitted intensity, which is obtained by ta
ing the Fourier transform of the frequency correlation fun
tion.

We also investigate wave transport experimentally usin
pulsed ultrasonic technique, thereby exploiting the ph
sensitivity of piezoelectric detectors to measure the
transmitted wave field, and allowing us to separate the
herent ballistic component from the incoherent scatte
component. Since previous studies of the ballistic to dif
sive transition have been based on optical and microw
experiments, the use of ultrasonic techniques provide
complementary experimental approach to gaining inform
tion on the crossover behavior, not only because of diff
ences in how ultrasonic waves are generated and detecte
also because of differences in the physics of the scatter
including the relative importance of scattering anisotro
We compare our experimental data and first-principles
culations with diffusion theory for both the ensembl
averaged frequency correlation function of the transmit
field and the time profile of the transmitted intensity; th
comparison shows that, for a plane-wave input pulse, di
sive behavior is observed when the sample thicknes
greater than about four transport mean free paths. The c
acter of wave transport as a function of sample thicknes
investigated by focusing on the dominant path length of
scattered waves, corresponding to the peak arrival time o
transmitted intensity. Remarkably, we find both theoretica
and experimentally that the peak transmission time show
sharp demarcation between ballistic behavior and diffus
behavior when the medium is approximately three mean
paths thick. This sharp demarcation point in the peak arr
time also corresponds quite closely to the thickness be
which we find significant deviations from diffusion theory
the entire time profile of the transmitted intensity and in t
frequency correlation function of the transmitted scatte
field. The peak arrival time of the scattered waves provide
useful criterion for describing the transition from ballistic
n
e
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diffusive behavior as a function of sample thickness, sinc
is relatively insensitive to the complicating effects of dispe
sion, scattering anisotropy, boundary reflections, and lo
fluctuations in the number density of scatterers.

The organization of the paper is as follows. In Sec. II, w
summarize our theoretical approach, a preliminary acco
of which has been given elsewhere@17#. Here we focus on
the underlying assumptions of the method, and give
equations that must be solved numerically to obtain the
sponse of the medium to an incident pulse. The ultraso
experiments that are used to investigate the prediction
this model are described in Sec. III. Section IV presents
compares our theoretical and experimental results for w
transport as a function of sample thickness, highlighting
sults that have not been appreciated in previous studies o
ballistic to diffusive transition. The paper ends with a su
mary of our main conclusions.

II. THEORY

Consider a plane-wave pulse that is normally incident
the front surface,z50, of a slab-shaped sample containin
random scatterers. The thickness of the sample isL. To in-
vestigate wave transport through this scattering medium,
are interested in modeling the temporal evolution of the
tensity and the frequency correlation function of the fie
measured at the back face of the sample atz5L. At any time
t and positionrW, the field is specified by the time-depende
wave function, which can be written as

c~ t,rW !5~2p!21E dV exp~2 iVt ! f ~V!fV~rW !, ~1!

where f (V) describes the spectrum of frequenciesV con-
tained in the pulse, andfV(rW) is the spatial part of the wave
function. For the incident plane wave,fV(rW) has the form
exp(iVz/v), wherev is the phase velocity. Inside the samp
fV(rW) is determined by the superposition of the ballis
wave and all the scattered waves at positionrW; thus it reflects
details about the positions of all the scatterers which are
sample specific to convey useful information. It is therefo
essential to examine configurationally averaged quantit
The ensemble-averaged field describes only the ballistic c
tribution, since the scattered fields cancel out as a resu
configurational averaging. To include the scattered wav
the relevant quantity is the ensemble-averaged intens
which is proportional to

^uc~ t,rW !u2&5~2p!22E dVF E dv f ~V1! f * ~V2!

3^fV1~rW !fV2* ~rW !&exp~2 ivt !G , ~2!

where^ & denotes configurational averaging, and the frequ
ciesV65V6(v/2) have been written in terms of the cent
frequencyV and the difference or modulation frequencyv,
the latter also being conjugate to the travel timet. From Eq.
~2! it is clear that the ensemble-averaged intens
^uc(t,rW)u2& is given by the Fourier transform of the fre
quency correlation functionCV(v,rW)5^fV1(rW)fV2* (rW)&,
which is the fundamental quantity to be determine
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CV(v,rW) can be obtained from the space-frequency corre
tion function C̃V(v;rW,rW8)5^fV1(rW)fV2* (rW8)&, which is
known to satisfy the Bethe-Salpeter equation

C̃V~v;rW,rW8!5^fV1~rW !&^fV2* ~rW8!&

1E drW1drW2drW3drW4^GV1~rW,rW1!&

3^GV2* ~rW8,rW2!&U~rW1 ,rW3 ;rW2 ,rW4!

3C̃V~v;rW3 ,rW4!, ~3!

where^fV(rW)& is the configurationally averaged wave fun
tion inside the sample, and̂G& andU are, respectively, the
ensemble-averaged Green’s function and the irreducible
tex function. Since for our purpose only the frequency c
relation function CV(v,rW) is needed, we can solve th
Bethe-Salpeter equation for the simpler case whererW85rW.
To carry out the calculation, we note that the configuratio
ally averaged Green’s function̂GV(rW,rW1)&, which describes
the coherent part of wave propagation fromrW1 to the obser-
vation pointrW, has the approximate form@18#

^GV~rW,rW1!&'2
exp~ iK urW2rW1u!

4purW2rW1u
, ~4!

and is assumed to be translationally invariant inside

sample. HereK5V/v1 i /2l̄ is the complex wave vector,v

is the phase velocity, andl̄ is the extinction length of the
coherent intensity, arising from both elastic scattering a

absorption. The extinction lengthl̄ is related to the scatter
ing mean free pathl s and the absorption lengthl a by the
simple expression

1

l̄

5
1

l s

1
1

l a

. ~5!

Herel a is related to the absorption timeta by l a5vta . In

the smallv limit, the frequency dependence ofl̄ can be

neglected, so that we can takel̄ (V6v/2)' l̄ (V).
The effects of the multiple scattering are accounted for

the irreducible vertex functionU(rW1 ,rW3 ;rW2 ,rW4). For isotropic
scattering, the scattering mean free pathl s is equal to the
transport mean free path (l s5l * [l ), and the lowest orde
contribution to the vertex function becomes@18#

U~rW1 ,rW3 ;rW2 ,rW4!5
4p

l
d~rW12rW3!d~rW12rW2!d~rW32rW4!. ~6!

With this form for U, Eq. ~3! generates a sum of ladde
diagrams. In the absence of absorption, it can be shown
the expressions for̂G& and U given by Eqs.~4! and ~6!
satisfy the Ward identity in thev50 limit @18#. Further-
more, when a plane wave is incident atz50 on a slab con-
taining random scatterers,^fV6(rW)& is simply a decaying
plane wave~due predominantly to scattering! with frequency
V6 propagating in thez direction~perpendicular to the slab!.
-
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e
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Thus, after substituting Eqs.~4! and ~6! into Eq. ~3!, the
equation forCV(v;rW) becomes

CV~v,rW !5expS ivz

v
2

z

l̄
D 1

1

4pl
E drW1

3

expF S iv

v
2

1

l̄
D ~ urW2rW1u!G

urW2rW1u2

3CV~v,rW1!. ~7!

In Eq. ~7!, the fact that the source term depends only on
z coordinate meansCV(v,rW) is independent of the transvers
coordinaterW . ThusC(v,rW)5C(v,z), and Eq.~7! becomes

CV~v,z!5expS ivz

v
2

z

l̄
D 1

1

4pl
E

0

L

dz1H~z2z1!

3CV~v,z1!, ~8!

where

H~z2z1!5E drW

expF S iv

v
2

1

l̄
DAr21~z2z1!2G

r21~z2z1!2
. ~9!

The first term in Eq.~8! is the coherent ballistic contribution
while the second term describes the effects of scatter
This equation can be solved numerically to obtain the f
quency correlation function of the transmitted wave
CV(v,L), for a given set of parametersv, l , l a , andL.

Now that we have solved for the frequency correlati
function, it is straightforward to calculate the temporal var
tion of the transmitted intensity from Eq.~2!. At the back
face of the sample, Eq.~2! becomes

^uc~ t,L !u2&5~2p!22E dVF E dv f ~V1! f * ~V2!

3CV~v,L !exp~2 ivt !G . ~10!

Our experiments were performed using a Gaussian in
pulse, for which f (V) is proportional to exp@2(V
2V0)

2/2s2#, whereV0 is the central frequency in the puls
and s determines the pulse width. Then the transmitted
tensity profile, normalized to the peak of the input pulse,
simply

I ~ t,L !5
1

2ps2 E dVF E dv exp$2@~V2V0!22v2/4#/s2%

3CV~v,L !exp~2 ivt !G . ~11!

In Eqs. ~10! and ~11!, the limits on the integrals over fre
quency are from2` to 1`. Thus the fact that the correla
tion function obeys the symmetry relationCV(2v,L)
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5CV* (v,L), as can been seen directly from Eqs.~8! and ~9!,
ensures that the intensity profileI (t,L) is real.

III. EXPERIMENT

To investigate the transition from ballistic to diffusive b
havior experimentally, we use ultrasonic experiments
probe the character of acoustic pulse propagation in
strongly scattering medium consisting of 0.5-mm-rad
glass beads immersed in water. The beads have a polydi
sity of about 10%, making it relatively easy to pack t
beads randomly, at a volume fraction of about 60%, with
visible indications of significant interparticle positional co
relations. The thicknessL of the samples was varied from
to 10 mm, corresponding to about 1.3–13 mean free pa
For the thicker samples (L.3 mm), the beads were packe
in 10-cm-diameter disk-shaped cells having thin polystyre
walls. The cells were placed in a water tank between a pla
wave-generating transducer and a small, 200-mm-radius hy-
drophone detector@5#. The hydrophone, having transver
dimensions less than the ultrasonic wavelength, allowed
transmitted ultrasonic field to be measured in a single co
ence area, or speckle spot, at the back face of the sam
This ensured that the scattered sound could be accur
measured, effectively eliminating spurious phase cance
tion effects in the detector and reliably detecting the am
tude and phase of the field at a given point in the spec
pattern@5#. To collect the transmitted field in many indepe
dent speckles, the hydrophone was scanned across
sample face. For the thinnest samples (L<3 mm), it was
essential to eliminate the slight broadening of the detec
time profiles resulting from the time taken for the scatte
sound to travel obliquely through the exit wall of the samp
en route to the detector. Thus the thinnest samples w
placed horizontally on a low-density polyethylene surfa
which has an acoustic impedance very close to that of wa
and the top wall was removed, enabling the hydrophone
tector to be placed within 0.5 mm of the sample surface. T
eliminated any distortions of the signal due to the sam
walls, facilitating a quantitative comparison of experime
and theory@19#. The detected wave forms were digitized a
signal averaged to improve the signal-to-noise ratio and
permit subsequent analysis of the data.

We exploit the phase sensitive nature of ultrasonic tra
ducers to separate the ballistic component from the scatt
component of the transmitted acoustic fields. This ability
separate the ballistic and scattered fields is essential f
quantitative analysis of the entire transmitted wave form
thin samples, where the ballistic component, which is ex
nentially attenuated with thickness, can become quite la
This is illustrated in Fig. 1~a!, where the total transmitted
field in several different speckles is shown for a sample t
is approximately two scattering mean free paths thick. At
leading edge of the transmitted signals, a coherent com
nent, representing the ballistic pulse, is clearly seen, whil
later times no correlation is evident in the amplitude a
phase of the field in the different speckles. The ballistic co
ponent is extracted from the total transmitted wave form
averaging the transmitted field over many~120! speckles, as
shown in Fig. 1~b!; because of the random phases of t
scattered signals from different speckles, the scattered w
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forms cancel in the averaging, leaving only the ballistic s
nal, which is temporally and spatially coherent across
back face of the sample. This averaging procedure allow
to determine the true scattered wave form for each spe
by subtracting the ballistic component from the raw tran
mission data@see Fig. 1~c!#.

We measure the frequency correlation function of t
scattered acoustic fields using an approach@20# that takes
advantage of the procedure outlined above for extracting
ballistic component. Since we use a short incident ultraso
pulse, the transmitted fields contain a wide spectrum of
quencies. We can therefore determine the response func
of the scattering medium directly by calculating the ratio
the complex fast Fourier transform of the scattered fields
that of the input pulse. Figure 2~a! shows the response func
tion in a single speckle, for one of the speckles whose ti
profile is shown in Fig. 1. The frequency fluctuations ch
acteristic of speckle interference are clearly seen, with
range of frequencies accessible in a single measuremen
tending from about 1 to over 3 MHz in this example. The
results are compared with the response function for a thic
sample,L55.24 mm, in Fig. 2~b!, which illustrates the ex-
pected rapid increase in fluctuation rate with sample thi
ness, reflecting the dominance of longer scattering path
the thicker sample. The frequency correlation function of
scattered fields is then obtained by autocorrelating the
sponse function and ensemble averaging over many sp
les. We note that this approach measures the field correla
function directly.

FIG. 1. ~a! The total transmitted field in several independe
speckles,~b! the ensemble averaged field, and~c! the scattered field
for the same speckles shown in~a!. The sample thickness was 1.
mm. The data are all normalized so that the peak amplitude of
input pulse is unity. In~b!, the coherent ballistic pulse is highlighte
by the solid curve.
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The time dependence of the average intensity of the s
tered transmitted fields is determined by squaring the en
lope of the measured wave forms in each speckle, and a
aging over all speckles@5#. This procedure is illustrated in
Fig. 3, where in the upper panel we show the intensity p
files in several different speckles for the thicker of the tw
samples illustrated in Fig. 2. In the lower panel we show
ensemble-averaged intensity over all 120 speckles meas
for this sample. The dashed curve in Fig. 3~b! is the intensity
profile from a fit to the predictions of the diffusion approx
mation, as discussed below. It is worth noting that since
are able to measure the field accurately in each individ
speckle, the ensemble average of the square of the field
velopes is an accurate measure of the average intensity
file. On the other hand, if each field measurement w
smeared out over several speckles by using too large a
tector, the result would be a mixture of field and intens
averaging; thus the intensity statistics would be seriously
torted, and a reliable measurement of the average inten
would not be possible.

IV. RESULTS AND DISCUSSION

In Fig. 4, we compare the absolute values of the theo
ical and experimental frequency correlation functions of
scattered fieldsuCV

scat(v,L)/CV
scat(0,L)u for four different

sample thicknesses ranging fromL510.2 to 1.65 mm. The
experimental frequency correlation functions were measu
over a relatively narrow frequency interval centered
V/2p52.5 MHz to avoid possible complications due to d
persion @21,22# and scattering anisotropy@23#. For each
thickness, the solid symbols represent the experimental
points, and the solid curves are the results calculated f
Eq. ~8! with the ballistic contribution subtracted. The sol
theoretical curves are plotted for all thicknesses using
same values ofv andl which were determined by fitting th

FIG. 2. The response function of the scattering medium, m
sured in a single coherence area, for two sample thicknesseL
51.7 mm~a! andL55.24 mm~b!.
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experimental data. Absorption is included inl̄ using the
experimentally measured value of the absorption time,ta
5l a /v512ms @5#. Except for the thinnest sample (L
51.65 mm), the agreement between the theoretical pre
tions and the experiment is very good, establishing the
lidity of our model ~at least for the thicker samples! and
allowing the values of the parametersv andl to be reliably
determined. Moreover, the best-fitted values arev
51.3 mm/ms andl 50.76 mm, which agree very well with
the experimental values of 1.3360.03 mm/ms for the phase
velocity vp , and 0.7560.1 mm for the scattering mean fre
path@5#. The dashed curves for each thickness are the res

- FIG. 3. ~a! The square of the envelopes of the transmitted fi
in three different speckles for theL55.24 mm sample, and~b! the-
ensemble averaged intensity obtained by averaging the squa
the field envelopes over 120 independent speckles. The data
normalized by the peak value of the input pulse intensity. T
dashed curve is a fit to the predictions of the diffusion approxim
tion, as discussed in Sec. IV.

FIG. 4. The absolute value of the frequency correlation funct
for four sample thicknesses. The solid symbols represent the ex
mental data. The solid curves are calculated from Eq.~8!, while the
dashed curves are the solutions to the diffusion equation.
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4848 PRE 60Z. -Q. ZHANG et al.
obtained from the solution of the diffusion equation with t
correct boundary conditions for our samples using the sa
value of the diffusion coefficient,D50.43 mm2/ms, as was
found previously in thick samples by fitting the time profi
of the average transmitted intensity@5#. For the three thicker
samples, where the ratioL/l ranges from 13 to 4.3, the
predictions of the diffusion approximation agree well wi
our theoretical and experimental results, demonstrating
the propagation of the scattered waves is diffusive for sam
thicknesses down to about four mean free paths.

While the diffusion approximation is adequate to descr
the transport whenL/l >4, it must ultimately fail for even
thinner samples. This breakdown of the diffusion approxim
tion is clearly seen in our results for the frequency corre
tion function of the thinnest sample shown in Fig. 4, whe
L51.65 mm (L/l >2.2). For this thickness, the prediction
of the diffusion approximation do not agree with either t
experimental data or our theoretical model. Figure 4 sho
that the experimental correlation function falls off more ra
idly with frequency than the theoretical predictions in t
low frequency region. In the time domain, this narrowing
the frequency correlation function implies a slower decay
the transmitted intensity in the long-time limit. This is sim
lar to a recent observation in time-resolved optical exp
ments @10#, where it was found for thin samples that th
diffusion coefficient obtained by fitting the long-time exp
nential decay of the transmitted intensity is progressiv
reduced as the sample thickness is decreased; in these o
experiments, however, this slow decay of the intensity
long times was observed for sample thicknesses up
L/l * '8, which is a larger crossover value than we find
our system. The narrowing of the frequency correlation fu
tion in our thinnest sample may arise from the interference
multiply scattered waves, which is ignored in diffusio
theory and has not been included in the solution of
Bethe-Salpeter equation studied here. When the sam
thickness becomes comparable to the transport mean
path, the long-time behavior of the transmitted intensity a
the corresponding small-frequency behavior of the corre
tion function are due to waves that have undergone m
multiple scatterings in lateral directions inside the samp
As a result of the reduced effective dimensionality for prop
gation in the plane of the sample, wave interference is lik
to become more important.

To investigate the transport behavior of thin samples f
ther, we focus on measurements of the time-resolved tr
mitted intensity; this has the important advantage of allow
us to see directly how the transport depends on path len
Figure 5 shows our data for both the scattered intensity~open
symbols! and the total transmitted intensity~solid symbols!;
the difference gives the ballistic component, which is a re
tively small contribution for the 3.3-mm sample, but whic
dominates the early time behavior of the transmitted int
sity for the thinner 1.65-mm sample. In Fig. 5, all the da
are normalized to the peak intensity att50 of the input
pulse. We calculate the normalized transmitted inten
theoretically using Eq.~11!. Because of the wide range o
frequencies contained in the input pulse spectrum, it is n
essary to account for the effects of dispersion, which
include by solving Eq.~11! numerically forI (t,L) at several
different frequenciesV/2p within the experimental pulse
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spectrum, from 1.5 to 3.5 MHz, using the experimental v
ues of vp , l s , and ta over this frequency range@21,24#.
This gives the scattered and total intensity time profi
shown by the dotted and solid curves in Fig. 5. Note t
here we have plotted the data and theory using a linear s
for I (t,L) in order to show most clearly the behavior at ea
times where deviations from diffusive propagation are e
pected to be most extreme; thus the deviations in the lo
time tail noted above for the thinner sample are not v
apparent in this figure. The agreement between theory
experiment for the early time behavior is quite satisfacto
although, for the thinnest sample, somewhat poorer ag
ment is also found for the shape of the scattered pulse pr
at early times, where the effects of anisotropic scatteri
local microstructure variations, and boundary conditions
come more important and complicate a detailed analysis
the pulse shape. For comparison, in Fig. 5 we also show
predictions of the diffusion approximation for these sampl
Not surprisingly, the diffusion approximation complete
fails to predict the observed behavior for the thinner sam
at times less than about 2ms, which corresponds to a pat
length of about four scattering mean free paths. For
3.3-mm sample, where the long-time tail of the transmit
intensity is very well described by the diffusion approxim
tion ~cf. Fig. 4!, deviations in the shape of the diffuse inte
sity profile are beginning to show up at early times, whe
the data and predictions of our Bethe-Salpeter model exh
a somewhat sharper peak.

To elucidate the character of wave transport in th
samples, we focus on the peak arrival time of thescattered
componentof transmitted intensity, since the location of th
peak in the scattered intensity time profile is relatively inse
sitive to sample-specific details, providing a robust meas

FIG. 5. The time profile of the transmitted intensity, normaliz
so that the peak of the input pulse intensity is 1, for two th
samples. The solid symbols and curves are experimental and t
retical results for the total transmitted intensity, while the op
symbols and dotted curves represent the scattered contribu
only. These theoretical curves are calculated using the model de
oped in this paper, while the predictions of the diffusion model
represented by the dashed curves. The inset shows the time p
of the input pulse field.
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of the general characteristics of wave transport. In Fig. 6,
show a log-log plot of the peak positions~in normalized
units of l /vg , wherevg is the group velocity! as a function
of L/l . For the experimental data, the effects of absorpt
have been removed by dividing the time profiles by the m
sured exponential absorption factore2t/ta. To make a mean-
ingful comparison between theory and experiment, the th
retical curves are calculated for the same input pulse shap
was used in the experiments. Remarkably, we see that
the theoretical and experimental points clearly follow a tw
segment curve, indicated by the two solid lines. The low
segment, withL/l ,3, has a slope of 1 characteristic
ballistic propagation, whereas the upper segment, withL/l
.3, has a slope of 2 characteristic of diffusive behavior@25#.
These results demonstrate that even when the ballistic c
ponent is subtracted off, thescattered component still be
haves ballistically for thin samples at early times, and d
plays a surprisingly sharp transition from ballistic t
diffusive behavior at L/l '3.

The most remarkable feature of these results is that
listic characteristics prevail in the early time behavior of t
scatteredwaves for sample thicknesses up to and includ
this crossover thickness. The origin of this behavior lies
the dominance of single scattering at the transmitted pea
condition which appears to persist as long as the sam
thickness is less than about three mean free paths. Sinc
most probable path for single scattering is indistinguisha
from the ballistic path~because the singly scattered intens
is attenuated exponentially with path length!, these scattered
signals take on a ballistic character. Furthermore, e
though the arrival times of the scattered ‘‘ballistic’’ pea
are delayed by about 20% with respect to the ballistic pu
the ballistic character of the scattered waves is not destro
because this shift results from the convolution of the asy
metric scattered time profile with the input pulse.

We have also investigated the question of whether s
tering anisotropy has an important effect on the ballistic
diffusion transition shown in Fig. 6. Under these circum
stances, the transport mean free pathl * becomes greate
than the scattering mean free pathl s , and the solution of the
Bethe-Salpeter equation becomes more difficult. We h
therefore studied the crossover behavior in this case u

FIG. 6. The peak position in the time profile of the transmitt
intensity plotted as a function of sample thicknessL/l .
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Monte Carlo simulations. For ad-function input pulse, the
time-resolved transmitted intensity is obtained from the s
tistical distribution of the number of times a pulse reach
the back surface between timest and t1dt, having per-
formed a random walk through the sample. For each ste
the random walk, a travel distancel is determined from a
random number generated from the exponential distribu
Psc(l )5l s

21 exp(2l /l s). The corresponding travel timet
is l /v. The direction of each step is also random and
generated according to the Henyey-Greenstein distribu
function P(cosu,f)5(1/4p)(12g2)/(11g222g cosu)3/2

@26#. Hereg is the anisotropy factor, describing the avera
of cosu, i.e.,

g5^cosu&5*21
1 d~cosu!*0

2p df P~cosu,f!cosu.

Thus l * 5l s /(12g), and g goes from 0 in the isotropic
limit to 1 in the anisotropic limit. By plotting the peak arriva
time of the scattered component as a function ofL/l * at two
different degrees of anisotropy,g50.5 and 0.8, we found
that the transition from ballistic to diffusive behavior occu
whenL is between 3l * and 4l * . Thus the sample thicknes
at which the crossover occurs is essentially unaffected
anisotropy, providing the thickness is measured in units
the transport mean free path. However, the crossover
comes less sharp when the scattering is more anisotropi

It should be pointed out that the crossover thickness
have found here is not universal, as this thickness depend
the physical quantity under study as well as the sour
detector geometry. Examples illustrating the range of cro
over thicknesses that have been observed previously@4,9–
12# are discussed in Sec. I. To investigate the possible eff
of source geometry on the ballistic to diffusive transition, w
have also performed experiments using a focused sou
where the incident beam was only about two waveleng
wide, and thus was a good approximation to a point sou
In this case, we find that the crossover thickness determ
from the peak arrival time is found to increase toL/l * '5,
about 50% larger than for an extended beam. A similar tre
is seen in the thickness dependence of the overall pulse s
and frequency correlation function, showing again how e
perimental conditions influence the sample thickness
which the crossover from ballistic to diffusive behavior b
comes manifest. Indeed, the fact that the crossover thick
depends on the quantity being investigated, while having
vious consequences for correctly interpreting experime
results on thin samples, also reflects the value of usin
variety of approaches to probe the underlying changes
wave character at the transition, since different approac
will be sensitive to different aspects of these more univer
features.

V. CONCLUSIONS

Our work integrates theoretical calculations with expe
ments to yield insights into the ballistic to diffusive transitio
in thin samples of strongly scattering materials. Our the
and experiments provide information about the minimu
sample thickness for diffusive behavior to occur; our resu
pertain to slab-shaped samples illuminated by exten
pulsed sources, an important situation not only in ultraso
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applications such as diffusing acoustic wave spectrosc
@27# but also in optics, where pulsed sources are becom
more frequently used to probe strongly scattering biolog
tissues. Furthermore, our results identify a ballistic regime
scattered signals that may be most useful for time-gated
aging techniques in strongly scattering materials. In addit
we find that wave transport at the dominant path length
pulsed experiments undergoes a sharp transition as a f
tion of sample thickness from behavior dominated by sin
scattering to diffusive behavior, so that it may not always
necessary to consider a complicated intermediate regime
separates ballistic and diffusive propagation. We empha
that although we have concentrated on acoustic waves in
d
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work, our theoretical approach, based on the Bethe-Salp
equation, is quite general and can be applied to any w
satisfying the classical wave equation; thus our main con
sions should apply to all classical waves, and theref
should be valid for electromagnetic waves as well.
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