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We use a combination of numerical simulations and laboratory experiments to study the time-
dependent collective diffusion coefficier?(q,¢) in concentrated colloidal suspensions. At short
times, the particle configuration is frozen, amdg,:) probes the temporal and spatial evolution of
hydrodynamic interactionsjia their effects on the particle velocities. We find thatg, r) exhibits a
surprising scaling behavior, with a singlg;dependent relaxation time, suggesting that the suspension
behaves as an effective medium for hydrodynamic interactions over a wide range of length scales and
time scales.

PACS numbers: 82.70.Dd, 05.40.+j, 47.15.Pn, 82.70.K]j

For many years there has been considerable interekiw-q behavior. In this paper, we investigate, for the first
in idealized suspensions of monodisperse hard spheresme, theg-dependent time evolution of the hydrodynamic
In such systems, the dominant interactions are hydrodyinteractions between colloidal particles over the full range
namic; random forces, arising from thermal fluctuationsof ¢, from ¢ = 0 to the highg limit. By contrast, ear-
in the fluid, excite fluctuations in the solid particle veloci- lier simulations [3] and experiments [1] only studied one-
ties which are subsequently damped by particle-inducegarticle self-diffusion, equivalent to the highdimit of
viscous motion of the fluid. In the process, particles transthese studies. We use a novel combination of numerical
mit hydrodynamic forces to one another on a time scalsimulations, based on a lattice Boltzmann model of the
a’/v, wherea is the particle radius and is the kinematic  fluid [4,5], and experimental measurements, using DWS
viscosity of the fluid. Since the diffusion coefficient of [6,7]. We show that collective diffusion also exhibits an
colloidal particles is about 5 orders of magnitude smallerunexpected scaling, remarkably similar to self-diffusion.
than the viscosity, there is a substantial time regime (typi- To characterize the time evolution of the hydrodynamic
cally 1078—10"*s) over which correlations in particle interactions over different spatial scales, we define the
velocities specifically reflect the time evolution of the hy- wave-vector-dependent analog of the mean-square dis-
drodynamic interactions, without any additional complica-placement,
tions due to the diffusion of the solid particles themselves. 1 1 X ,

Light scattering measurements using diffusing-wave spec- H(q, 1) = Do <ﬁ D> d-Ai0g - A‘i(t)e“"R‘f>, 1)
troscopy (DWS) have shown that the time-dependent self- 0 ij=1

diffusion of colloidal hard spheres can be characterizedvhere A;(r) = R;(t) — R;(0), and Dy = kgT /67 ma is

by a single relaxation time, independent of volume fracthe self-diffusion coefficient of an isolated sphere. For
tion [1,2]: If the mean-square displacement is scaled byarge values ofg, terms withi # j average to zero; in

its asymptotic value and the time is scaled by the invers¢his limit the time-dependent hydrodynamic interaction
of the suspension viscosity, then the data for all particldunction H(q,t) reduces to the one-particle (or self-)
volume fractions¢ can be scaled onto a single, univer-interaction functionHs(s), which is independent of;.

sal master curve, whose functional form can be calculate@hus, it is useful to decompos#(q,t) into the sum of
from the behavior of an isolated sphere [1]. Similar be-Hs(r) and an interaction contributiaH,(q, t),

havior was observed in numerical simulations based on a

lattice Boltzmann model of the fluid [3]. Self-diffusion H(g.1) = Hs(t) + Hi(q.1). @)
probes particle-particle correlations at small wavelengthsyith a suitable choice of relaxation timey, the self-

or scattering vectorg that are well beyond the first peak correlation functionH(z), normalized by its asymptotic
in the structure factor. By contrast, no reliable infor-values Hg, can be scaled onto the dilute system curve
mation about the behavior of collective diffusion, which[1,3]. This relaxation time is dependent on volume
probes the correlations at smallgy has been obtained; fraction; in the low density limit it is equal to the
yet it is at small values ofa that the dynamics directly single-sphere relaxation timg = 4>/v. The interaction
reflect the effects of hydrodynamic interactions betweercontribution H;(q,r) directly measures the effects of
one particle and its neighbors. Thus, to fully understandnterparticle hydrodynamic interactions; it shows how the
the hydrodynamic interactions between different particlestrajectory of one particle is affected by the motion of its
it is essential to extend these investigations to include thaeighbors. It can be most conveniently determined by
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computer simulations in which botti(¢,7) andHs(r) are  sphere tends to cause its neighboring spheres to move
measuredH, (g, r) can then be determined from Eq. (2). in the same direction. However, for sufficiently large

The numerical simulations are based on a combinatiomolumes (i.e., for sufficiently smay), the average flow
of molecular dynamics, which is used to track theacross any plane in the system must vanish. Thus, the
motion of the solid particles, and a fluctuating lattice motion of a particle induces a backflow of displaced fluid,
Boltzmann model of the fluid [4]. These models arewhich in turn sweeps the other particles along with it;
remarkably effective at reproducing the dissipative andhis motion of particles and fluid opposes the motion
the fluctuating hydrodynamic forces that occur in theof the primary sphere. Therefore, on sufficiently large
dynamics of colloidal suspensions [5]. As a further checkJength scales, there is an overall anticorrelation of particle
we have compared the long time asymptdi€g) =  velocities. By contrast, the wave vectafg =~ = probe
H(g,t — ) with theory [8] and experiment [9]. The primarily the first shell of neighbors; for such closely
simulation data for{(g) are in agreement with theoretical spaced particles the direct hydrodynamic interactions
calculations [8] and experiment [9]. Although a detaileddominate the much weaker backflow effect, so that these
comparison with experiment is hindered by uncertaintiesontributions are positive. Finally, for very largethe
in both the simulation and the experimental data, thenteraction contribution vanishes.
general agreement is quite good; the peaks and troughs in The most remarkable result shown in Fig. 1 is that, al-
Dy/D(q) appear at the same valuesqaf and have similar though the interaction contributions (open symbols) do
magnitudes. not scale to the single-sphere curve, the sum of the self-

In Fig. 1, we show a small sample of our simulation contribution and the interaction contribution at a particular
results, for two characteristic wave vectogg; = 1.8, a  wave vector (solid symbolsjloes scale to the single-
relatively long wavelength, anda =~ 3.6, near the first sphere curve, but with a different normalizatior#g)
peak of the structure factor. The dependence of the rather thanHs—and a different relaxation time(q).
correlation functions is similar at all volume fractions, but This is a general result, independentyadnd independent
more pronounced at higher concentrations; we show resultsf ¢». This scaling implies that the hydrodynamic interac-
at a volume fractionp = 45% to indicate the maximum tions are determined by a single time scale at each value
variation withg. The scaled self-diffusion contribution of ¢, suggesting that the suspension is behaving as an ef-
[Hs(t/7s)/Hs]is distinguishable from the theoretical curve fective medium at all length scales, and at all time scales.
for one sphere, shown in Fig. 1 by the solid line. By Although we do not claim that this scaling is necessarily
contrast, under these same scaling conditiofigg,z)  exact over the whole time range, nevertheless, within the
exhibits dramatically different behavior that is strongly accuracy of the simulations we cannot detect any signifi-
dependent og. cant deviations from scaling.

For smallg (¢qa < 2) the interaction contributions are  The relaxation times required to scale the simulation
negative. At first sight this might be a little surprising; data to the single-sphere master curve are shown in Fig. 2.
because of hydrodynamic interactions, the motion of on& he relaxation time scale is quite short at Igwit peaks

aroundga = =, and then, at largg, reaches the asymp-
totic value expected for the self-diffusion coefficient. The

1.0 . : g dependence of the relaxation times is similar to the
S ot v A long-time asymptoted (g, ¢), although there are notice-
o Hg.ff(a), ) qa~ 178 able deviations at small values qf (qa < 1); overall,
= H(q,1)H(q); 1= Hq); 9a = 3.56 .. . . R . .
0.5+ L this is reasonably consistent with a single relaxation time
<D i for H(q,1).
= o We do not, as yet, have a complete explanation for
= 0.0 p*¥*50a5552°°" 1 these observations. At asymptotically long times the
°°oo0 velocity correlation functiongU;(r)U;(0)) are known to
o, decay with an algebraic */? dependence, regardless of the
05} 000, - separation between the spheres [10]. Thus any spatially
01 1 10 100 weighted average of these correlation functions will also

t/t decay asg /> with some effective relaxation time [11].

FIG. 1. Wavelength-dependent mean-square displacements Ialpwevgr, the most interesting observation IS that -the
a volume fractiong = 0.45. Simulation data for(¢,¢) from  correlation functions apparently see the same single-time-
a 128 sphere system (filled symbols), normalized by the longscale relaxation mechanism, regardless of spatial scale
time asymptote2DytH(q), have been scaled to the single- and concentration, modulated only be a wave vector and

sphere curve by adjusting the relaxation tim(g). The wave ; ; . .- .
vectors areqa — 178 and ga — 3.56. The open symbols fnngsetggsnt effective viscosity; the origin of this is not

indicate the interaction contributions;(q,t) at the two wave . o . )
vectors, scaled in the same way as the single-particle correlation TO ascertain the validity of this remarkable scaling be-
function H(z). havior, we compare our numerical results to experimental
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FIG. 2. Wavelength-dependent relaxation timeg), deter- t/Tn

mined from plots similar to Fig. 1, are shown for a range of .
volume fractions. In a single-relaxation-time approximation G- 3. Measurements o#(1)] for several volume fractions

7(q) = H(q). The data at = 0.25 are for a 1024-sphere sys- with 0.099 um radius particles. The dashed line is the theoreti-
tegn' the oqtﬁer results are for = 128. cal prediction for a single sphere; data for the lowest volume

fraction are in good agreement with this. The upper curve
illustrates that the data for a$h collapse onto a single master
curve, whose functional form is determined by the single sphere

results obtained using DWS [6,7]. DWS probes the verytheory. The amplitudes of the data are normalized by the long-
short time dynamics of colloidal suspensions, allowing thé!Me value [], and the relaxation times are scaled by a new,
. . L : volume-fraction and particle-size dependent scaling tinje [
time evolution of hydrodynamic interactions to be mea-
sured. Measurements with DWS enable us to determine
an average over many wave vectors [12,13]:
max 3 shown at the top of Fig. 3, by allowing both the time
[H(1)] = Jo qqu(f’a)H(q’t) dq, (3) scale and the amplitude to vary. As in the simulations,
[ ¢’Flq.a)dg very good scaling is observed, both for the small spheres
where F(q,a) is the form factor for spheres of radius shown in Fig. 3 and for larger size spheres as well.
a. Thus DWS measures an average over all valueg of The scaling of the data is strikingly similar to our
between 0 andnax = 2ko, Whereky is the incident wave earlier observations for large particles. However, the
vector. Since this average is weightedgythe dominant effects of the collective hydrodynamic interactions are
contributions to the DWS average arise from the largestery evident in the behavior of the time scale, shown in
values of the wave vector. Thus, if the radius of theFig. 4. At a given volume fractior, the experimentally
particle is significantly greater than the wavelength of themeasured rati¢+]/7, decreases rapidly with decreasing
laser light, DWS measurements probe very large values gfarticle size. At first sight, the monotonic decrease of
qa, and hence reflect the self-diffusion of the particles. Bythe measuredr] seems inconsistent with the variation in
contrast, if smaller particles are used, DWS measurementgg) shown in Fig. 2. To investigate the origin of this
also contain a significant contribution from collective apparent discrepancy, we used thdependent simulation
diffusion, allowing its behavior to be measured also. results to calculate the average valug(s)]. We used the
The DWS measurements are made in the transmissicexpected DWS weighting factors which were determined
geometry, enabling particle motion at very short timefrom Mie theory for each size sphere, averaged over all
scales to be resolved [1]. The samples were polystyrengcattering vectors, and weighted &y[13]. The behavior
latex spheres with a screening length sufficiently short tmf the DWS-weighted simulation data is then consistent
ensure that the interactions are essentially those of handith experimental observations; the results for different
spheres. The smallest particles had a radius of 0089 particle sizes and different concentrations can again be
corresponding t@koa = 3.2, which is sufficiently small scaled to the single-particle curve, with a relaxation
to ensure that the DWS measurements probe collectiviéme that decreases monotonically with decreasing particle
diffusion effects. We plot the measured(f)], for several radius, as well as with concentration. Thus the more
different volume fractions, in Fig. 3. The dashed line issubtle variations withy observed in the simulations are
the value calculated for the limit of low volume fractions, washed out by the averaging over wave vectors inherent
where there are no contributions from hydrodynamicin the DWS experiment. However, the experimentally
interactions with the neighboring particles. The data ameasured relaxation times are much shorter (by at least
the lowest volume fractiond = 0.5%) agree well with a factor of 2 for small particles) than would be expected,
the ¢ = 0 theory, but asp increases, the data fall further either from the simulation data or from experimental
and further below this curve. Nevertheless, all this dataneasurements of the wave-vector-dependent diffusion
can be scaled onto the single-sphere master curve, asefficient (see Ref.[9]). Moreover, for the smallest
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1.0

5:1. Here we see a possible explanation for the discrep-

v: @ - I';es‘;rryn ancy in the simulated relaxation times and the experimental
0.8 e 0.77um ] measurements. In the experiments there are instantaneous
o v o% 5 0.36um correlations in particle velocities which are essentially ab-
w 06F v v 02lum 4 sent for the more massive spheres used in the simulations.
= o v O ¢ 0.10pm . . . .
. . If the sound waves do indeed play a significant role in
= 04} ° O the propagation of hydrodynamic interactions, as is sug-
o v et gested by these result, their contribution would have to be
0.2y o v . included in future theories of the time evolution of hydro-
¢ dynamic interactions. In particular, this may account for
ST 02 o3 02 the apparent range of the scaling of the self-diffusion coef-
¢ ficient, which continues to time scales that are considerably

shorter thanr.
FIG. 4. Volume-fraction dependence of the scaling times for | this work we have discovered that the scaling rela-

different size spheres. The scaling timeg fre normalized ionq first observed for the self-diffusion coefficient ap-
by their values atp = 0, corresponding to the hydrodynamic

time scale {, = a/v) for each set of spheres. The solid ply to colleqtive diffusion as_well. These results suggest
line indicates the viscous scaling tinfe] = pa?/n, which ~ that monodisperse suspensions behave hydrodynamically
describes the data for the largest spheres. as continuous media, for a substantial range of space
and time scales, with only a varying effective viscosity.
By a detailed comparison of simulation and experimen-
tal data we have discovered that sound wave propagation
gnay play a vital role in the development of hydrodynamic
nteractions.
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