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We have measured the far-infrared frequency dependence of the strength of the ac Joseph-
son effect in Nb cat-whisker point contacts, which have consistent and reproducible behavior
and minimal extrinsic high-frequency limitations due to capacitance and heating. We monitor
the constant-voltage Josephson steps induced on the dc /- V curves by an optically pumped far-
infrared laser at fundamental frequencies corresponding to voltages from ~0.2 to ~2 times the
energy-gap voltage. At all the frequencies studied, we find that the shape of the power depen-
dence of the step amplitudes is fit reasonably well by Werthamer’s frequency-dependent theory
for tunnel junctions in the voltage-bias approximation. However, the observed magnitude of
the steps is considerably less than predicted by the theory. By fitting to the I-V curves of the
steps, we find that some of this discrepancy can be accounted for by heating-enhanced noise
rounding. The remaining discrepancies (of the order of a factor of 2) are attributed to depar-
tures from a voltage bias at low frequencies and, tentatively, to the effects of the Ginzburg-
Landau relaxation time at higher voltages. Our data confirm the expected intrinsic roll off of
the strength of the ac Josephson effect above the energy gap.

I. INTRODUCTION

The frequency dependence of the strength of the
ac Josephson effect is of considerable interest, both
as a fundamental question and in terms of the limita-
tions it may place on potential applications. Although
a wide variety of superconducting devices show the
Josephson effect, the high-frequency behavior of
many of these is dominated by such extrinsic limita-
tions as capacitive shunting and Joule heating. These
limitations can be minimized in niobium cat-whisker
point contacts. Their minute size makes their capaci-
tance very small,' while their three-dimensional
geometry and relatively high impedence reduce heat-
ing effects.? We have identified a class of point con-
tacts that are reproducible and consistent from junc-
tion to junction, both in the characteristic features on
their dc /- ¥ curves® and in their high-frequency
behavior,* making them suitable for quantitative ex-
periments. This has allowed us to measure the intrin-
sic frequency dependence of the strength of the
Josephson effect.

We study the Josephson effect by monitoring the
constant-voltage steps induced on the dc /- V curves
by radiation from an optically pumped far-infrared
(far-ir) laser. A fundamental step at a voltage Vis
direct evidence of the existence of the Josephson
effect at the frequency f =2 eV/h. By observing the
power dependence of the current half-width of this
step, we can study the strength of the Josephson
effect at that frequency. In particular, by measuring
the maximum current half-width of the fundamental
step normalized to the critical current,® I[* /., at

various laser wavelengths, we can determine the far-
ir frequency dependence of the Josephson effect.
The theoretical predictions for the frequency
dependence of the strength of the Josephson effect
and the power dependence of the step current widths
are discussed in Sec. II of this paper. Section III is a
brief description of our experimental techniques.
Our measurements are presented in Sec. IV, along
with a discussion of the effects of heating and noise
on both the size and the shape of the steps. The fre-
quency dependence of the Josephson effect inferred
from these measurements is discussed in Sec. V.

II. THEORY

Our ability to measure the strength and frequency
dependence of the Josephson effect depends on a
study of the laser-induced constant-voltage steps on
the dc /- V curves. Thus, we need a theoretical model
to relate the behavior of the steps to that of the
Josephson effect itself. In this section, we discuss the
theoretical predictions that we fit to our measure-
ments of the power dependence of the laser-induced
steps.

The ill-defined geometry and physical structure of
the active region make the choice of an appropriate
theoretical mode of point contacts extremely difficult.

- None of the theories currently available adequately

describes the characteristic shape of the dc /- V curves
of our junctions.>* Thus, the accuracy of their pred-
iction of the shape of the constant voltage steps and
their power dependence may be somewhat question-
able.

3282 ‘ ©1978 The American Physical Society



18 FAR-INFRARED FREQUENCY DEPENDENCE OF THE AC... 3283

In order to make the calculations more tractable,
all of the theories make simplifying approximations
for the source impedance. They assume either a
low-resistance constant-voltage source, or a high-
resistance constant-current source. Experimentally,
the bias impedance lies somewhere in between, and
probably has a rather complicated frequency depen-
dence as well. The dc source impedance is defined by
the bias network used. In these experiments, it was
always very high compared to the junction resistance
R. However, we have shown* that the rf source im-
pedance seems to be that of the antenna, and is
~200 Q at 604 GHz. This is not much larger than
the resistance of a typical junction (R ~100 ).
The type of bias network assumed can have a
significant effect on the theoretical predictions. Un-
fortunately, a tractable model with a more realistic
bias impedance does not exist.

Some of the theoretical calculations of the step
power dependences are based on a tunnel-junction
model of the weak link. Experimental evidence
seems to suggest that our point contacts are better
described as extremely small metallic constrictions.>
Nevertheless, tunnel-junction models often seem to
work quite well for point contacts, and give good
qualitative agreement with much of the data. The
reproducibility of our measurements allows us to test
the theories more quantitatively.

The current /, through a small-area junction at
temperature T and bias voltage V, can be written®

I=L(V,T)sing +1,(V,T) +1,,(V,T)cos¢ , (1)
where

and ¢ is the phase difference across the tunnel junc-
tion. The actual expressions for the coefficients in
Eq. (1) depend on the type of model assumed, as dis-
cussed below. The first term is the supercurrent or
Josephson pair current, and at low frequencies (vol-
tages) I, =I.. The second term is the quasiparticle
or normal current, which is highly nonlinear in the
case of a tunnel junction. The linear approximation
of a constant resistance R leads to the resistively
shunted junction (RSJ) model, with /g,=V/R. The
final term is the cosine term, and has no effect on the
magnitude of the steps for a voltage-biased junction.’
It is usually omitted in the RSJ approximation.

The simplest approximation for the power depen-
dence of the step current widths is obtained for low
frequencies (so that [, =1I,) and for a junction voltage
biased with both a dc voltage V, and a laser-induced
ac voltage of angular frequency w;, V,.cosw,t. This
results in the familiar Bessel-function power depen-
dence of the steps,?

L/L.=1,Qa)| , 3)

whe;e
2a=2eV,c/ h’wL . (4)

Here J, is the nth Bessel function and 7, is the
current half-width of the nth step at the dc voltage

Vo=n(kw,/2e) . Q)

Werthamer® has calculated the voltage (frequency)
dependence of Eq. (1) at T =0, assuming a perfect
BCS density of states for the superconductors on ei-
ther side of the barrier. The results for the super-
current /, can be written'®

s |K(hw,/48) , hw,/48<1
Ip(w,l) =—“1¢- 4A
4 ﬁx(‘m/ﬁw,) . b4 =1
J

where w, is the Josephson frequency [or voltage

V =(#/2e)w,], 24 is the superconducting energy gap
energy, and K is the complete elliptic integral of the
first kind. According to Eq. (6), the Josephson
current is approximately constant at voltages below
the gap, has a logarithmic singularity (the Riedel
peak'!) at the gap, and falls off approximately as 1/w;
above the gap. When this frequency dependence of
I, is included, Eq. (3) is generalized to'°

2| 3 S @b (2% =nlw)] . @

(4 k=—oo

If the summation converges before |2k —n|w, be-
comes comparable to 4A/% Eq. (7) reduces to the
simple Bessel-function dependence of Eq. (3). Thus
at low ac frequencies, the effect of the frequency
dependence of ], is not seen until « becomes quite
large,'” requiring large rf drive powers. However, for
the relatively high laser frequencies used in this ex-
periment, Eq. (7) must be used for all laser powers.

If one of the |2k —n|w, harmonics of the laser
frequency is equal to 4A/ %, that term in the summa-
tion in Eq. (7) becomes singular. This has a pro-
nounced effect on the power dependence of the step,
and has been used to experimentally study the Riedel
singularity in tunnel junctions,'®!? point contacts,!?
and microbridges.!* The maximum step width
enhancement due to the singularity is generally found
to be about a factor of three. To obtain quantitative
agreement with the data, the theory must be
modified to account for mechanisms such as quasi-
particle damping,'® which round off the singularity.
This adds a complex component to the energy gap
parameter A(w), which must be included in a
modified version of Eq. (7). This has been done by
Buckner and Langenberg,!? who find good agreement
between their theoretical calculations and their
tunnel-junction data.

All the experimental investigations to date have
measured the frequency dependence of I, only in the
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vicinity of the singularity. Thus they have been res-
tricted to a frequency range within ~5% of the
Josephson frequency at the gap, w;=4A/% Our ex-
periment is not designed to probe the singularity. In
fact, we have not found it necessary to use the
rounded-singularity version of Eq. (7) to account for
any of our data. Instead, we wish to extend the fre-
quency range of the measurement, particularly above
the gap.

Examination of Eq. (7) clearly shows why the fun-
damental laser-induced steps are the most direct
probe of the strength of the Josephson effect above
the energy-gap frequency. For n =1, the leading
term in the summation is

2]0((1).’1(0)1‘,(0)[,) »

which is the contribution from the Josephson current
at the laser frequency. The additional terms are con-
tributions from 7, at higher harmonics of w,, where
the Josephson current has rolled off even further. In
contrast, for a step at a harmonic of a lower frequen-
cy, there is always a contribution to the summation
from 1,(0) for n even, and from I,(w.) for n odd.
These terms add a lower-frequency component of the
Josephson current, where I, is larger. Thus, a har-
monic step is a less direct measure of /,(nw.) than
the fundamental step at the same voltage. In our ex-
periments, we vary the laser wavelength and use only
the fundamental step to study the frequency depen-
dence of the Josephson effect.

Both theories resulting in Eqs. (3) and (7) make
the approximation of a purely voltage bias at all fre-
quencies. Other models make the opposite approxi-
mation for the source impedance, treating the junc-
tion as current biased. The simplest of these is the
current-biased RSJ model,'¢ in which /,(w) =1,
I,="V/R, and Iy, =0. Russer!” has used an analog
computer to calculate the RSJ predictions of the
power dependences of the steps for various normal-
ized frequencies, ‘

Q =fw,/2el.R . ®)

He finds that the Bessel-function behavior predicted
by Eq. (3) is a good approximation for Q > 1, but
that substantial changes due to the current bias occur
when Q <1. At low temperatures, I R is theoretical-
ly!® related to the gap voltage by

IR =+m2A/e . ©

Thus, we expect a current bias to cause significant
changes in the power dependence when the funda-
mental step is below the gap voltage.

While the RSJ model gives a qualitative account of
the influence of a current bias, it does not include
any effects due to the frequency dependence of the
Josephson current. To do this, we must use the full
frequency-dependent theory”® itself, inverting Eq. (1)
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in order to solve for the voltage, with the assumption
of a current bias.!® This is simplified by the use of a
reformulation of the theory in the time domain.2® It
includes the full frequency dependence of the
Josephson current, as well as any effects the cosine
term may have for the current-biased case. Howev-
er, unlike the RSJ model, the quasiparticle term in-
cludes the nonlinear resistance characteristic of a tun-
nel junction.

We have performed computer calculations, using a
technique similar to that suggested by Harris,?! to
determine the step widths for the cases of both dc
and ac current sources. The current and voltage
across the junction are assumed to be zero until time
t =0, when the current drives are switched on. Then
the Werthamer theory in the time domain is used to
calculate the voltage across the junction, with the
results at each time depending on the voltage at all
previous times. The calculation is carried on until
the transient effects,?’ due to the initial change in
drive currents, die out. Figure 1 shows an example
for #w;/4A =0.45, the normalized energy of the
496-um laser line (assuming a superconducting gap
energy of 2.8 mV). Both the instantaneous voltage
(solid line) and the average voltage (dashed line) are
plotted as functions of time. Figure 1(a) is for a
junction biased on the first laser-induced step, so that
the current is periodic at the laser frequency, and the
average voltage is approaching the constant value of
1.25 mV (0.45 x2A/e). Figure 1(b) shows similar
results for a dc bias not on a step. In this case the
voltage is not periodic, and the average voltage is ap-
proaching ~0.65(2A/e), intermediate between the
first-and second steps. By monitoring quantities such
as these, it is possible to determine whether or not
the junction is biased on a step, for given levels of dc
and ac currents. Then, by tracing out the dc bias
currents that put the junction on a step, the current
width of the step can be determined. This process is
repeated for successively increasing laser powers to
find the power dependence of the current width. Un-
fortunately this requires considerable computer time,
so we have made only limited use of these calcula-
tions.

We have discussed four models that predict a
power dependence for the step current widths. Two
of them make the assumption of a voltage bias, the
other two assume a current bias. One of each type of
bias includes the frequency dependence of the
Josephson effect, the other does not. We now com-
pare these theoretical models to our data.

III. EXPERIMENTAL TECHNIQUES

The experiments were performed using point con-
tacts formed between a 75-um-diam. Nb wire, shar-
pened to a fine point with standard electroetching
techniques,?? and a polished and lightly etched Nb
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FIG. 1. Results of computer calculations using the
frequency-dependent theory for a junction with ac and dc
current biases. The ac source has a magnitude of
0.5(2A/eR) and a frequency of 0.90(2A/#). Both the instan-
taneous (solid lines) and the time-average (dashed lines)
voltages are shown. The dc bias level is (a) on the step, so
the average voltage is approaching 0.45(2A/e), and (b)
between the first and second steps, so the average voltage is
approaching 0.65(2A/e).

flat. The contact was made while the junction was
immersed in liquid helium. A technique?® that in-
volved fine mechanical adjustment and a high current
burn-in was found to be quite successful in obtaining
high quality junctions. Only those junctions that
showed a strong Josephson effect at high voltages®
and whose dc I-V curves had the characteristic shape
we have labeled "ideal,"® were used in this work. A
high impedance battery-driven source supplied the dc
current bias, and the voltage was measured directly
across the junction with a PAR 113 differential
preamplifier. All the leads were brought through rf
filters at the top of the metal Dewar to minimize
spurious pick up.

An —f/4 polyethylene lens focused the far-ir laser
radiation onto the contact through two crystal quartz
windows in the side of the Dewar. A bend in the
whisker defined a ~500-um-long antenna to couple
the radiation into the junction. The contacts used
had typical resistances of —~100 ), and thus were
well matched to the antenna and to free space.* The
optically pumped far-ir laser used has been described
in detail elsewhere.?* It could be operated at
wavelengths from 42 um to 1.22 mm, with about
10-mW typical output power on the stronger lines.
The wavelengths and gases used in this work were:
1.22 mm (245 GHz) from “CH;F, 496 um (604
GHz) from 2CH;F, 233 um (1.29 THz) from N,H,,
and 202 um (1.48 THz), 170 um (1.76 THz), and
119 um (2.52 THz), all from CH;0H.

IV. DATA ANALYSIS
A. Power dependence of step current widths

Our initial results* were obtained using the 496-um
line, which produced a fundamental step at 1.25 mV,
somewhat less than half the gap voltage. When the
data were scaled to account for the coupling
efficiency, the behavior of I,/1, was very reproducible
from junction to junction. Figure 3 of Ref. 4 is a .
composite plot of data from five different junctions of
varying resistances. It shows the power dependence
of I,/1, for the critical current and the first eight
steps (n =0 to n =8). The shape of the power-
dependence data was reasonably well described by the
Bessel-function prediction of Eq. (3). Even better
agreement was obtained when the frequency-
dependent effects of Eq. (7) were included. How-
ever, the magnitudes of the experimentally observed
steps were consistently at least a factor of 2 smaller
than expected from either calculation. A possible
cause for this discrepancy is the effect of a current
bias. Indeed, the current-biased RSJ model does
predict a reduction in the step size in approximate
agreement with that observed. However, Q is large
enough (~0.6 for a typical I.R of 2.0 mV) so that
the shape of the current-biased RSJ curves does not
differ significantly from the voltage-biased Bessel-
function behavior of Eq. (3). Thus we can not con-
vincingly distinguish between the two models using
the shape of the data. :

If the data were better described by a current-bias
model, the improvement should become more pro-
nounced at lower Q.!7 To check this, we went to a
lower frequency, using the 1.22-mm line, which in-
duces a fundamental step at 0.51 mV, so that
Q =0.25. Figure 2 shows the power dependence of
1,/1, for the critical current and the first six steps.
The normalized voltage amplitudes on the horizontal
axis have been obtained by scaling all of the data for
a given point contact by a single factor, which
depends on its coupling efficiency. The shape
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FIG. 2. Normalized step width behavior as a function of 1.22-mm laser-induced voltage, compared to the frequency- depen-
dent, voltage-bias Werthamer theory and current-bias RSJ model. This is a composite plot with data from three different junctions.

predicted by Eq. (7) is shown by the solid lines (W
functions) in Fig. 2, and is in reasonably good agree-
ment with the data for steps 1—6, although the
theoretical step size must be scaled down by the fac-
tors indicated in Fig. 2 to obtain quantitative agree-
ment. In contrast, the current-biased RSJ prediction
does not do as well. It predicts a step size even
smaller than observed and predicts a shape of the
power dependence, shown by the dashed lines (JRY
functions) in Fig. 2, which is quite different from
that observed. Thus it appears that the well matched
source impedance of the antenna* is better described
by a voltage-bias model in predicting the shape of the
power dependence.

Neither theory adequately describes the behavior of
the critical current (zeroth step). The first zero oc-
curs at significantly lower power levels than expected
from the current-biased RSJ model. On the other
hand, the amplitude of the critical currents beyond
the first zero is much smaller than predicted by the
voltage-biased Werthamer theory, unless it is scaled
so that it fails to agree at zero power. Similar
disagreements were observed with the 496-um data.
The reason for this poor agreement is not known,
although it is likely related to the peculiar behavior of
the I-V curves in the vicinity of the critical current
that is always seen when these junctions are irradiat-
ed by low levels of laser radiation.?* The effect of the
radiation is not only to decrease I, but also to de-
crease substantially the initial dynamic resistance of
‘the voltage onset, changing it from the very steep on-

.

set seen without incident radiation, to a much more
gradual one. This behavior is seen for all the laser
frequencies we have investigated.

Comprehensive data such as that obtained at 1.22
mm and 496 um could not be obtained at the other
far-ir wavelengths used. These laser lines are all
much higher in frequency, with the corresponding
fundamental steps at voltages near, or well above,
the energy gap. Thus there are fewer observed har-
monics to fit to the theory. In fact, for the remaining
frequencies, the second step was generally very small,
and the higher harmonics were usually not seen at
all. Furthermore, at these frequencies we were un-
able to couple in enough power to reach the same
high values of

2 =2€Vac/’i0)L

that were reached at the lower frequencies. Operat-
ing at 496 um, the laser power (measured at the laser
output coupler) was ~10 mW, sufficient to obtain
2a=12. However, 2a scales as V,.//w, so that the
power (~¥2) required to reach the same 2« scales
as w}. Thus, even though the output power at 119
pm was —80 mW, we would expect to reach values
of 2« of only ~5.5. In fact, our optics were consid-
erably more lossy at 119 um than at 496 um, and the
coupling to the antenna may not have been as good,
so that we were only able to reach 2a ~ 3.

As a result of the low values of 2« attained and the
associated lack of observed harmonics, there was
insufficient structure in the power-dependence data to



18 FAR-INFRARED FREQUENCY DEPENDENCE OF THE AC... 3287

0.9 noum

0.8

r—.27iw,l
X, x X x
(O3] e g X XX
I
Ic - py
x)(
0 X 1 1 |
) 1 2 3
0q-28Vac
th

FIG. 3. Normalized step width behavior as a function of
119-um laser-induced voltage, compared to the frequency-
dependent voltage-bias Werthamer theory.

obtain a convincing fit to the theory. Figure 3 shows
the power dependence of Iy/I. and I,/I, for a typical
junction exposed to 119 um radiation, and their fit to
the scaled shape of the voltage-bias theory of Eq. (7).
As with the lower frequencies, the low laser-power
behavior of I, resulted in a poor fit to the theory.
Following the example of the fit to the data of fre-
quencies below the gap, the theoretical calculation of
Iy/1. is scaled by ~0.5 in Fig. 3. The only reliable
structure in the data that is useful for a fit to the
theory is the first hump of /.

We also attempted similar measurements using the
71 um line of CH;OH. However, there was not
enough laser power available to see the first step at
8.75 mV. The o} dependence of the power required
means that a factor of ~—3 increase in power over
that available at 119 um is necessary to reach com-
parable values of 2« for equal coupling efficiencies.
However, both the losses in the optics and the at-
tenuation in atmosphere are quite severe at 71 um.
Thus, although we estimate that we had at least
several milliwatts of power at 71 um, this was not
sufficient with the coupling scheme used.

When the data at all the wavelengths are con-
sidered as a whole, the voltage-bias theory of Eq. (7)
appears to give quite reasonable agreement with the

shape of the data. The reason for the discrepancy
between the observed step size and that predicted
must still be explained. Since the frequencies in-
volved are so high, we have investigated the effects
of a small shunting capacitance on the predicted step
size. The addition of a capacitive rolloff has little
effect on the power dependences calculated with Eq.
(7), so long as (RC) 7! is greater than the gap fre-
quency. Larger values of capacitance remove the
benefits of including the frequency dependence and
give a poorer fit to the 496-um data. Smaller values
do not cause any reduction in the predicted step
widths. We have also used an analog simulator? to
calculate the power dependences within the RSJ
model with the addition of a small shunting capaci-
tance. We again find no reduction in the step sizes.
Thus, the evidence available suggests that the capaci-
tance is indeed small enough to neglect entirely. We
now consider other effects that might reduce the step
size.

B. Heating

Heating has been proposed as a mechanism which
reduces the critical current, and hence the step
widths. Tinkham er al.? have treated in detail the
case of a metallic junction of the point-contact
geometry. They find an exponential decrease in the
step widths as the total dissipated power P is in-
creased, with

Lice Mo (10)

where Py is predicted to be ~10 uW for a typical me-
tallic Nb point contact. We can calculate P for a

- given laser power using the good fit of the power

dependences of the step widths to the voltage-bias
model to obtain the normalized laser-induced vol-
tage in the junction 2a. Combining this with the
power dissipated by the dc bias current

P =Py + Py

an
=V?/R +(hw./2¢)?(2a)?/2R

For a typical 100- Q junction biased at the 5.22-mV
step induced by 119-um radiation, Eq. (11) gives

P =1.5 uW for 2a=3, the maximum value reached
in these experiments. For the eighth harmonic in-
duced by 496-um radiation at 10 mV, P =2 uW for
2a=12. These values of P suggest that heating will
have only a small effect, mainly on the high-voltage
steps, at higher laser-induced powers. It should
cause a maximum reduction in the step size of only
~20%. We now present further evidence supporting
this.

The very pronounced gap structure on the I-V
curves can be used as a local thermometer to meas-
ure the temperature 7, roughly a coherence length ¢
away from the center of the active region of the point
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contact.? The laser-induced Josephson steps can ob-
scure this structure unless the voltage of the first step
is above the gap voltage. It is then possible to meas-
ure the rise in temperature over the bath 7 — T, due
to the laser-induced power, which is determined us-
ing Eq. (11) and the power-dependence fit of the step
widths. Figure 4 shows T — T, due to the total dissi-
pated power for increasing levels of 170-um radia-
tion. The width of the gap structure makes it difficult
to determine an exact gap voltage, especially at
higher laser powers, where the shape becomes some-
what less pronounced. This leads to considerable
scatter in the data of Fig. 4. The gap voltage was tak-
en as the voltage of the minimum Rj in the gap
structure. The corresponding temperatures 7 were
obtained from the measured temperature dependence
of the energy gap of Nb-Nb tunnel junctions,?’ which
have low-temperature gap voltages in good agreement
with those of our point contacts.

Using Fig. 4, we can obtain a measure of some of
the experimental parameters important in the heating
theory. In the low heating limit, Tinkham et al.? find
that

T-T,=P/QK¢ , (12)

where K is the thermal conductivity, and ( is the
effective solid angle for the three-dimensional cooling

T-Tp (°K)

0% : L
0 . 05 1.0 1.5

Pror (#W)

FIG. 4. Temperature rise a coherence length away from
the contact as the dissipated power is increased with 170-
pm laser radiation. The gap voltage is used as a local ther-
mometer.

of the active region of the contact. From the slope of
the solid line in Fig. 4, QK ¢=1 uW/K. These are
the only unknown quantities in the expression for
P0'3

Po=(1/ND (1 — DK (T)T.£(0) O, 13)

where t, = T,/T,. Using the temperature depen-
dences, K « Tand £ < (1 = T/T,)"2, and T.=9.2 K
for Nb, Eq. (13) and the measured K ¢ give

Py~ 12 uW. While this is only an approximation
and should not be taken as an exact measure of Py, it
is nevertheless consistent with the predictions of the
theory.

Other evidence also supports the hypothesis that
these junctions are operating in the low heating limit.
As shown in Fig. 4, the maximum increase in tem-
perature a coherence length away from the contact is
only ~1 K, which should not have a major effect on
the supercurrent. We also find very consistent
behavior of the normalized step widths for junctions
whose resistances vary between —30 and 200 ,
while the dissipated power is proportional to 1/R.
Thus we believe that heating causes at most only a
~(10—20)% reduction in the step widths, illustrating
the well cooled nature of these point contacts.

C. Noise

Fluctuations in the phase due to noise can have an
important effect on the shape of the step, causing the
edges to be rounded and the dynamic resistance of
the step center to be greater than zero.?® This can
have a significant effect on the measured current
width of the step. The only available detailed
theoretical treatment of the effects of noise on the
shape of the step is within the RSJ model. Within
this approximation, the unrounded step has the same
characteristic hyperbolic shape as the dc /- V curve.

Since the dc I-V curve of our junctions is so highly
structured, it is quite likely that the unrounded step
shape is also more complicated than the relatively
structureless RSJ prediction. In fact, the measured
step shape seems to depend on where it is on the I-V
curve. Figure 5 shows the shape of the fundamental
step induced by a number of different far-ir laser
wavelengths at various voltages. The steps are super-
imposed on a typical dc /- V curve with no incident ra-
diation. -Although each step is from a different junc-
tion, all the dc I-V curves have the same characteris-
tic shape and the current width of each step shown is
normalized to its own I.. Figure 5 shows how the
step shape seems, in some sense, to mimic the
underlying structure on the dc /- V¥ curve at that vol-
tage. The 0.5-mV step (1.22-mm radiation) occurs

on the very steep initial voltage rise, and the sides of

the step also show this high dynamic resistance Rp.
The steps at 1.25 mV (496 um), 3.65 mV (170 um),
and 5.22 mV (119 um) all occur on portions of the
I-V curve that do not have a lot of extra structure or
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FIG. 5. Variation in the shape of the step with its vol-
tage. Each step is taken from a separate high quality /-V
curve and its width is normalized to its own /.. They are
superimposed on a typical /-V curve to show the underlying
shape.

high Rp, and these steps all have shapes somewhat
closer to that of the RSJ model. The step at 2.64 mV
occurs on the gap structure and is enhanced due to
the effects of the Riedel peak. Its shape is quite
different from the other steps and has a very large
dynamic resistance on either side. Thus, the adequa-
cy of the RSJ model in describing the shape of the
step depends somewhat on the voltage of the step.

Despite the highly structured shapes of the experi-
mentally observed steps, the RSJ model is still a rea-
sonable first approximation, especially for a descrip-
tion of the effects of noise rounding. We have fitted
the theoretically predicted shape?® to the measured
one in an attempt to evaluate and correct for the
effects of noise rounding. The predicted shape of the
nth step can be written?®

1 , . ..
vi=3Rpiosinh(wi/io)

/2 -1
x U; coshQyi/ig) 1o(21,/iy) cosy dy|

(14)
where

io=2ekpTogRpl/ KV .

Here I, V, and Rp are, respectively, the current, vol-
tage, and dynamic resistance at the step center in the
absence of radiation, while /; and v, are, respectively,
the current and voltage along the induced step, meas-
ured from its center. I is the modified Bessel func-
tion. The effective noise temperature Teq is not the
bath temperature, because of the heating in the point
contact.>*2?* Thus, we must use a two parameter fit
in Teg and I,, the current half-width of the step in
the absence of noise rounding.

The value of the parameter Rp//V in Eq. (14)

depends on the position of the step on the I-¥ curve.
Within the RSJ model, this takes account of the
underlying shape of the dc /-V curve. At low step
voltages, where the underlying R is larger, the
effects of noise should be more pronounced. On our
I-V curves, Rpl/V ~1 for all the steps except the
one induced by 1.22-mm radiation at 0.51 mV. In
the latter case the fit to the RSJ model is poor and
gives no evidence of enhanced noise rounding.

An example of the type of fit we obtain is shown in
Fig. 6. The data, shown as the crosses, are the
fourth harmonic of the 496-um, laser-induced step at
5.0 mV, and the experimentally measured current
half-width of the step was 2.1 uA. The solid lines
are the calculated step shapes using Eq. (14). The
fits shown in each figure use the indicated value of

496 m Teff=15k
03L  x 4th STEP (50mV) \'50':‘
VI 0.2_
(mV)
ot
O x J
02t
V)
(mV)
o1}
o)
v, 02F
(mV)
olfF
I4(fit)
o o

0 1 2 3 4 S5
L4(exp)
i (F-A)

FIG. 6. Two parameter fit for the effects of noise
rounding. The crosses are data showing the 4th step, at 5.0
mV, induced by 496-um radiation. The solid lines are the
calculated noise-rounded RSJ shape using Eq. (14) in the
text. Each figure is for a different fitting value of 1,4, the
unrounded step width, and shows the shape for three
effective noise temperatures.
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14, and are calculated for various values of T.s. The
best fit is for /4 ~3.5 +0.5 uA and T~ 15 5 K.
The accuracy of the fit is sufficient to obtain a reason-
able correction to the step widths to account for the
effects of noise rounding. As shown by the example
in Fig. 6, these corrections can be quite substantial.

V. FREQUENCY DEPENDENCE OF THE
JOSEPHSON EFFECT

Using the results of the last section, the frequency
dependence of the Josephson effect can be deter-
mined. As discussed in Sec. II, we use the results
from the fundamental step, which is most closely re-
lated to the strength of the Josephson effect at that
frequency (voltage). Figure 7 is a plot of I{** /I, as a
function of voltage, normalized to the gap voltage
2A/e for all of the laser lines used.’® The large dots
represent the larges values of /{"** /I, actually meas-
ured, while the error bars represent the range of
values after corrections have been made for the
effects of noise rounding and heating as described in
the previous section. The vertical error bars
represent the uncertainty in the noise-rounding fit,
while the horizontal error bars represent the uncer-

T T T
10F -
WERTHAMER
o7k THEORY
I]max
K !
osof RSI - —VTTTTN
MODEL™, 7

27 2,
025"/ . 1
/ ™. TDGL MODEL

/ *. (I'=50)

1 ! I 1
o] 05 1.0 1.5 20

ev/2A

FIG. 7. Voltage dependence of the ac Josephson effect.
The maximum width of the fundamental Josephson step
normalized to the critical current is plotted against the step
voltage normalized to the energy gap. The dots represent
the measured data, while the error bars represent the range
of values after they are corrected for the reductions due to
noise and heating. The horizontal error bars reflect the un-
certainty in the energy-gap voltage. The solid curve is the
voltage-bias Werthamer theory result; the dashed curve is
the current-bias RSJ result; and the dotted curve is the
TDGL result from Ref. 34.

tainty in the exact voltage of the energy gap,
reflecting the width of the structure on the dc /I-V
curve. We had enough laser power to reach the max-
imum of I, for all of the steps except the one at
eV/2A=1.1 (202 um). The datum shown for this
frequency is an estimate of I{*** /I, obtained from a
fit of Eq. (7) to the available power-dependence data,
and is thus a somewhat less accurate result (hence
the larger error bars on the corrected value).

The solid line in Fig. 7 is the prediction of the
voltage-bias, frequency-dependent theory calculated
with Eq. (7). The singularities at the gap and at one
third of the gap would be rounded off, but the details
of this would depend on the experimental conditions.
The data follow the shape of the theory, peaking near
the gap and rolling off above the gap. However, the
magnitude of the data is consistently below that of
the theory, even after the adjustments for noise
rounding and heating are made.

Below the energy gap, a reduction in I/, is ex-
pected if the junction is current-biased rather than
voltage-biased. The dashed line in Fig. 7 shows the
reduction expected within the RSJ model. We have
also investigated the effects of a current bias on the
prediction of the frequency-dependent theory at a
voltage eV /2A =0.45, corresponding to the 496-um
laser-induced step. Using the computer calculations
described in Sec. II, we obtain /{*** /1. =0.35, which
is in good agreement with the experimental value.
Thus it is tempting to attribute the decrease simply to
current-bias effects. However, as shown in Sec.

IV A, this is not completely justified. At

eV/2A =0.18 (1.22-mm line), where the effect of a
current bias should be more pronounced, the meas-
ured /{™* /I, is larger than predicted by the RSJ
model, and the shapes of the step power-dependences
are better described with a voltage-bias approxima-
tion.

Although a current-bias approximation predicts a
decrease in I{"** /I, below the gap, the RSJ curve ra-
pidly converges above the gap on the simple voltage-
bias prediction of Eq. (3), I{*** /1. =0.58, as shown
in Fig. 7. Thus the effects of a current-bias approxi-
mation cannot explain the discrepancy between the
data and the theory above the gap, although a more
realistic handling of the source impedance might im-
prove the agreement.

An alternative explanation of this discrepancy
above the gap is the possible existence of a more ra-
pid rolloff than predicted by the Werthamer theory.
At these high frequencies, the Josephson period is
shorter than the Ginzburg-Landau time

TGL=7fﬁ'/8kB(Tc - T) »
and this may affect the dynamics of the currents in

the junction and cause the smaller steps. The effects
of a nonzero value for 7, the order-parameter relaxa-
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tion time, have been examined*"*? using time-

dependent Ginzburg-Landau (TDGL) theory, and
offer a possible explanation of the excess current
characteristic of our dc /-V curves. Fjordbege and
Lindelof*® have recently used an analog computer to
solve the relevant TDGL equations with the addition
of an rf current source. The normalized parameter
that determines the extent of the nonequilibrium
effects in this formulation is

I'=7Qel.R/D(a/&)? .

Here, a is the length of a metallic bridge whose mas-
sive banks are assumed to be unaffected by any
nonequilibrium effects ("rigid" boundary conditions).
The calculated® I{"* /I, for I' =50 (the only value re-
ported) is shown as a dotted line in Fig. 7. This
prediction is consistent with the slight increase in the
step size over the RSJ prediction at low frequencies
in agreement with 1.22-mm data. At higher frequen-
cies, it shows that the effects of a nonzero = will
indeed cause a more rapid rolloff in the strength of
the Josephson effect. For the value of T’ shown here,
the predicted rolloff is much more rapid than what is
measured. However, the shape of our high quality
I-V curves, in particular the excess-current region
above the gap, is best described® by TDGL calcula-
tions using I' =6, which is the value that corresponds
to 7 =17gL and a/£=1. Presumably, as I is de-
creased, the nonequilibrium effects will diminish and
the TDGL result will begin to resemble the RSJ pred-
iction. This should have the effect of pushing the
rolloff of 7" /I, to higher frequencies, in better
agreement with the data. Thus further calculations
with the TDGL theory at smaller values of I' may
provide a better fit to the data. Such a theory alone,
however, does not include the singular behavior at
the gap frequency suggested by our data and other
observations of the Riedel peak, and a unified theory
including both the gap-related rolloff and relaxation-
time corrections will presumably be required to ade-
quately explain the data.

Finally, it is of interest to compare our experimen-

tal results with a similar study by Clark and Lin-
delof?* of the size of Josephson steps induced on the
I-V curves of indium microbridges close to T, by ra-
diation at lower (microwave) frequencies. The vol-
tage (frequency) dependence of that data was nor-
malized to I.R = (7/4) A’X(T)/ekg T, which is substan-
tially smaller than 2A/e near T.. When replotted in
the form used here, the curves all have a broad peak
with I{"®* /I. ~0.4 occurring at eV /2A of 0.2 or less,
and they rolloff roughly like the TDGL curve for
I' =50 as shown in Fig. 7. This premature cutoff
(which did not allow observation of the singular
behavior at the gap frequency) may be due to unex-
pectedly large relaxation-time effects as suggested by
Clark and Lindelof,** or may be due to reduction of
I, due to Joule heating at higher voltages because of
the less favorable cooling geometry of bridges, as
suggested by Octavio.>

In summary, our experimental measurements of
the frequency dependence of the ac Josephson effect
in selected Nb point contacts at far-ir frequencies
show that its strength increases at the gap frequency
and rolis off beyond the gap frequency in qualitative
agreement with the Werthamer theory. The quantita-
tive discrepancies (of the order of a factor of 2 in the
absolute size of the steps after correction for noise
rounding) may be a result of the nonzero relaxation
time of the order parameter in the point contact.
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