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The velocity ﬂuctuations of particles in a low-Reynolds-number ﬂuidized bed have
important similarities and diﬀerences with the velocity ﬂuctuations in a low-Reynoldsnumber sedimenting suspension. We show that, like sedimentation, the velocity
ﬂuctuations in a ﬂuidized bed are described well by the balance between density
ﬂuctuations due to Poisson statistics and Stokes drag. However, unlike sedimentation,
the correlation length of the ﬂuctuations in a ﬂuidized bed increases with volume
fraction. We argue that this diﬀerence arises because the relaxation time of density
ﬂuctuations is completely diﬀerent in the two systems.

A ﬂurry of recent work has focused on understanding velocity ﬂuctuations in a
suspension of particles sedimenting due to gravity (Asmolov 2004; Bargiel, Ford &
Tory 2005; Bergougnoux et al. 2003; Cunha et al. 2002a; Cunha, Sousa & Hinch
2002b; Kuusela, Lahtinen & Ala-Nissila 2003, 2004; Mucha & Brenner 2003; Mucha
et al. 2004; Nguyen & Ladd 2005; Tee et al. 2002). When the system-size Reynolds
number, Re, is low and the particle Péclet number, Pe, is high, both inertial and
thermal eﬀects are negligible, and hydrodynamic interactions lead to highly complex
behavior that has deﬁed complete explanation. Early theoretical work argued that in
a fully mixed system, velocity ﬂuctuations arise from the balance between Stokes drag
and density ﬂuctuations in the particle distribution due to Poisson statistics (Caﬂisch &
Luke 1985; Hinch 1988).
Thus,
a region of size l has a typical particle number

√
ﬂuctuation of N ≈ N = φl 3 /a 3 , resulting in a buoyant weight of N 43 πa 3 ρg,
which must be balanced
by its Stokes drag, 6πηlv; this leads to a typical velocity
√
ﬂuctuation of v ∼ φl/.a. Here, φ is the volume fraction, a the particle radius, ρ the
density diﬀerence between particle and ﬂuid, g the gravitational acceleration, and η the
ﬂuid viscosity. This implies that velocity ﬂuctuations should be dominated by density
ﬂuctuations on the scale of the system, d, and hence should diverge with d (Caﬂisch &
Luke 1985; Hinch 1988); however this contradicts experimental observations (Ham &
Homsy 1988; Nicolai & Guazzelli 1995; Segrè, Herbolzheimer & Chaikin 1997).
Nevertheless, this theoretical argument does correctly predict velocity ﬂuctuations up
to the correlation length, ξ , to which density ﬂuctuations persist. Much controversy
has surrounded the mechanism for keeping this length scale of the density ﬂuctuations
smaller than d. Recently, it has become apparent that system inhomogeneities such
as stratiﬁcation (Mucha et al. 2004; Tee et al. 2002) or particle-size polydispersity
(Bergougnoux et al. 2003) can limit the scale of ξ .

468

S. Tee, P. J. Mucha, M. P. Brenner and D. A. Weitz

In a ﬂuidized bed, liquid is pumped upwards to exactly counteract particle
sedimentation, allowing it to achieve a statistically steady state (Cowan, Page &
Weitz 2000; Martin, Rakotomalala & Salin 1995; Segrè 2002; Segrè & McClymer
2004). Nevertheless, long-ranged hydrodynamic interactions between particles create
velocity ﬂuctuations which have been assumed identical to those of sedimentation
(Cowan et al. 2000; Martin et al. 1995; Page, Cowan & Weitz 2000; Segrè 2002;
Segrè & McClymer 2004; Xue et al. 1992). Indeed, the earliest experiments measuring
the volume fraction dependence of the hydrodynamic dispersion coeﬃcient were
carried out in a ﬂuidized bed, showing an increase with particle volume fraction
(Martin et al. 1995). The introduction of particle image velocimetry to both
sedimentation (Guazzelli 2001; Segrè et al. 1997, 2001; Tee et al. 2002) and ﬂuidized
beds (Segrè 2002; Segrè & McClymer 2004) demonstrates that the ﬂuctuations in the
two experiments are visually quite similar.
Are the velocity ﬂuctuations in a ﬂuidized bed controlled by the same mechanism
as sedimentation? In this paper, we demonstrate that, like sedimentation, the
velocity ﬂuctuations in a ﬂuidized bed are governed by the balance of local Poisson
density ﬂuctuations and Stokes drag. However, the volume fraction dependence of
the velocity ﬂuctuations and the correlation length are strikingly diﬀerent in the two
systems: for example the correlation length increases (decreases) with volume fraction
in a ﬂuidized bed (sedimentation). We present quantitative arguments demonstrating
that the reason for this diﬀerence is that the two systems have completely diﬀerent
mechanisms for relaxing small density ﬂuctuations.
Our ﬂuidized bed consists of glass spheres of density 2.23 g cm−3 in silicon oil of
viscosity η = 17.9 cP and density 0.854 g cm−3 . We use particles with four diﬀerent
average radii, 49.0, 57.6, 68.8 and 82.5 µm with standard deviations of 4.0, 4.8,
6.3, 7.5 µm, respectively, as measured using a microscope and ﬁtting to Gaussian
distributions. The ﬂuidized bed has dimensions of 1.2 × 5 × 35 cm, and is completely
immersed in a stirred water bath to control the temperature to 23.0 ± 0.1 ◦ C. The
silicon oil is pumped into the bed and the overﬂow from the top is recirculated back
into the pump, forming a closed loop. Before entering the bed, the oil ﬁrst passes
through a distributor made of packed beads constrained between two pieces of nylon
mesh. The ﬂuid at the bed entrance is carefully tested for uniformity and stability by
monitoring the motion of tracer particles in the ﬂuid. With the pump turned oﬀ, the
particles form a sediment at the bottom of the bed. When the pump is turned on,
the sediment expands upward to a maximum height, hmax , that depends on the pump
velocity, vp , deﬁned as the volumetric ﬂow rate divided by the cross-sectional area of
the bed. After an initial transient, neither the particle concentration nor ﬂuctuations
change in time; thus we assume the particle distribution has reached a statistically
steady conﬁguration.
The volume fraction is determined as a function of height, h, by measuring the
transmittance of a laser beam through the ﬂuidized bed with a photodiode, calibrated
with known volume fractions of particles. The results are further veriﬁed by pipetting
known sample volumes from the ﬂuidized bed, and weighing particles after removing
the oil to determine φ. The particles are index-matched to the ﬂuid, and a small number
of coloured tracer particles are added; images of these particles are collected from the
mid-plane of the bed with a charged-coupled device (CCD) camera (640 × 480 pixels),
using a lens with a depth of focus of ∼6 mm and cross-sectional area of 4 × 3 cm.
Particle motion is analysed with particle image velocimetry (PIV) (Adrian 1991; Raﬀel
1998). The interrogation time between two PIV image pairs is chosen such that the
in-plane velocity components do not carry the particle more than 20 % of the size
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Figure 1. Vertical and horizontal velocity ﬂuctuations normalized by pump velocity (square
and star symbols, respectively) and volume fraction (hatched symbols) as a function of bed
height for spheres of radius 57.8 ± 4.8 µm. The solid line corresponds to the volume fraction
given by a perfectly segregated model. Error bars for the velocity ﬂuctuations are standard
deviations of the measurements.

of the interrogation region. The size of the interrogation region is chosen to properly
resolve the correlation lengths, and we use regions as small as 0.5 × 0.375 cm. The
interrogation times range from about 30 s to 8 min depending on the particle radius,
and particle concentrations. We measure the locally coarse-grained particle velocities
to verify that there are no convective ﬂows either parallel or perpendicular to the
thickness of the bed, in agreement with previous measurements (Segrè 2002; Segrè &
1/2
McClymer 2004). We determine the vertical-velocity ﬂuctuations, v = vz2  , where
vz is the local vertical component of the velocity.
For weakly spreading and perfectly monodisperse particles, φ is expected to be
homogeneous throughout the bed (Couderc et al. 1985; Martin et al. 1995), with a
volume fraction set by the Richardson–Zaki (R–Z) relation, vp = vs (1−φ)5.5 . However,
we observe that φ exhibits a pronounced dependence on height as illustrated by
a suspension of 7.8 × 106 particles of radius 57.8 ± 4.8 µm, with a pump velocity
of vp = 0.038 cm s−1 , shown by the hatched circles in ﬁgure 1. We hypothesize
that this is due to particle size polydispersity; to test this, we use a bidisperse
mixture of 3.3 × 106 particles with a = 68.8 ± 6.3 µm and 2.4 × 106 particles with
a = 82.5 ± 7.5 µm. Consistent with our hypothesis, the h-dependence is even more
pronounced, as shown by the hatched circles in ﬁgure 2. To further conﬁrm that
this behavior is due to polydispersity, we pipette small samples of particles from
near the top and bottom of the bed and measure sizes with a microscope. For both
experiments, there is clear segregation of particle sizes, with more larger particles near
the bottom of the bed and more smaller particles near the top, as shown in ﬁgure 3.
The separation is greater in the bidisperse experiment, reﬂecting the greater tendency
of particles to segregate when their size diﬀerence becomes more pronounced. The
results shown in ﬁgures 1–3 are quite reproducible from run to run; repeat runs were
conducted by turning oﬀ the pump, and waiting for all of the particles to settle before
re-ﬂuidizing the bed.
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Figure 2. Vertical and horizontal velocity ﬂuctuations normalized by pump velocity for
spheres of radii 68.8 ± 6.3 µm (square and star solid symbols) and 82.5 ± 7.5 µm (square and
star open symbols) and combined volume fraction (hatched symbols) as a function of bed
height. The solid line is the volume fraction given by a perfectly segregated model. Error bars
for the velocity ﬂuctuations are standard deviations of the measurements.
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Figure 3. Size distributions of particles drawn from two experiments. (a) Particles of sizes
68.8 ± 6.3 µm and 82.5 ± 7.5 µm. Particles drawn from the top of the bed, shaded bars
(h = 15 cm), are almost all of size 68.8 ± 6.3 µm whereas particles drawn from the bottom
of the bed, solid bars (h = 3 cm), have sizes that range from 62.5 to 90 µm. (b) Particles of
radius 57.8 ± 4.8 µm. Particles drawn from the top of the bed, shaded bars, (h = 15 cm) are
slightly smaller in size than those drawn from the bottom, solid bars (h=3 cm).

That polydispersity can lead to an inhomogeneous ﬂuidized bed follows from
classical ideas of Batchelor (Batchelor 1982; Batchelor & Wen 1982), who demonstrated that a particle’s sedimentation velocity is slowed by the presence of other
particles, due primarily to the settling of a particle being impaired by the backﬂow
of the other particles. Physically, smaller particles near the bottom of the bed are
pushed upwards because the interstitial ﬂow of larger particles is faster than the
smaller particles’ sedimentation velocity in isolation. Indeed, a series of sedimentation experiments (Al-Naafa & Selim 1992; Bruneau et al. 1990; Davies 1968; Hoyos
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et al. 1994; Lockett & Alhabboo 1973; Mirza & Richardson 1979; Selim, Kothari &
Turian 1983; Smith 1965, 1966, 1967) have demonstrated that these particle interactions lead to segregation of diﬀerent particle sizes.
A simple way to test whether the h-dependence of φ is consistent with segregation
of the particle sizes is to compute the φ proﬁle under the assumption that size
segregation is perfect, and that the R-Z relation is valid locally. To numerically
calculate the predicted h-dependence of φ with this model, we ﬁnely discretize the
particle distribution into bins, set the largest particles at the bottom of the bed,
stack the next bin of slightly smaller particles above it and continue stacking bins of
successively smaller particles until the bin of smallest particles is at the top of the bed.
For steady state, we require each of these bins of particles to separately satisfy the R-Z
relation. Since larger particles have higher sedimentation velocity vs , a bin of larger
particles must have a higher φ; likewise, a bin of smaller particles must have a lower
φ. Using the calculated values φ and the cross-sectional area of the bed, the height
of each bin is determined. The proﬁle of φ converges as the bin size is decreased.
What determines the bed height, as well as the characteristic length scale over which
φ varies? Qualitatively, the R-Z relation predicts that the bed height and the scale of
φ variation increase with increased pump velocity. This is because the self-sharpening
eﬀect at the suspension–ﬂuid interface becomes stronger as φ is increased. Indeed, for
the slightly polydisperse particles of 57.8 ± 4.8 µm, at low pump velocities, φ is very
high (∼0.4 and 0.5) and almost constant throughout the bed height whereas at high
pump velocity, φ epends strongly on bed height as in ﬁgure 1. Even though this model
does not quantitatively agree well with the 57.8 ± 4.8 µm particles at high ﬂow rate,
it shows qualitatively that bed volume fraction proﬁles become steeper with higher
ﬂow rates, in agreement with experiments
Just as φ exhibits a pronounced h dependence, so too do the velocity ﬂuctuations;
v/vp is substantially larger at the bottom of the ﬂuidized bed than at the top, both
for the monodisperse particles and for the bidisperse particles, as shown by the solid
and open squares in ﬁgures 1 and 2. The velocity ﬂuctuations are correlated over length
scales, ξ (Segrè et al. 1997); to determine this, we measure the correlation function
Cz (z) = vz (0)vz (z)/vz (0)2  and ﬁt the results to Cz (z) = exp (−z/.ξ ). We ﬁnd
that ξ decreases with increasing height, as shown in the inset of ﬁgure 4. Physically,
we expect that each sphere is advected within a correlated velocity ﬂuctuation,
travelling a distance ∼ξ until the correlation decays in a time, τ ∼ ξ vν, whereupon
the particle becomes entrained in a new region of correlated ﬂuctuating velocity.
However, note that the low Reynolds number of the ﬂuidized bed implies that
there is a steady parabolic ﬂow across the thickness of the bed, with the velocity
vanishing on the walls of the cell. This could complicate interpretation of the velocity
ﬂuctuations in this system. If we assume the velocity ﬂuctuations are independent
of the imposed ﬂow, the measured velocity ﬂuctuations are the sum of that from
2
2
+ vﬂuctuation
. For
the parabolic ﬂow and the intrinsic ﬂuctuations: v 2 = vparabolic
2
2
most measurements here vparabolic is small compared to vﬂuctuation . With the depth
of focus spanning the middle half a cell with parabolic velocity proﬁle peaking at
Vc = 3vp /2 on the centreline, the average velocity in that middle half is 11Vc /12, and
2
= Vc2 /180 = vp2 /80. This is much smaller
the variance about that average is vparabolic
than the measured velocity ﬂuctuations.
Any local theory for the velocity ﬂuctuations will predict that the correlation length
is driven by variations in φ. Thus we plot ξ as a function of the local φ, and
ﬁnd a pronounced dependence, best described as linear, for both monodisperse and
bidisperse particles, as shown in ﬁgure 4. This diﬀers markedly from sedimentation,
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Figure 4. Correlation length as a function of volume fraction for a bed ﬂuidized with
57.8 ± 4.8 µm particles (solid symbols), and with particles of radius 68.8 ± 6.3 µm and
82.5 ± 7.5 µm (hollow symbols). Inset: correlation length as a function of bed height.

where experiments show that ξ decreases with φ (Segre et al. 1977; Guazzelli 2001).
This suggests that there is an alternative mechanism that sets the scale of ξ .
To elucidate this new mechanism, we ﬁrst test whether the magnitude of the
ﬂuctuations is set by the same balance between Poisson density ﬂuctuations is Stokes
drag (Brenner 1999; Hinch 1988; Rouyer et al. 2000). We therefore plot v/vp as a
function of φξ /a for four diﬀerent experiments (ﬁgure 5). The very strong correlation
is well ﬁtted with an exponent of 1/2.† This conﬁrms that the same ﬂuctuation-drag
mechanism pertains for ﬂuidized beds as for sedimentation. Note that in ﬁgure 5 we
divide the φξ measured at a given location in the cell by the average particle size in
the whole cell; the power law is not changed if we instead divide by the local particle
size.
What causes the diﬀerent dependence of ξ (and hence v) on φ? In sedimentation
we have previously argued (Mucha & Brenner 2003; Mucha et al. 2004; Tee et al.
2002) that the size of the velocity ﬂuctuations is set by the ambient stratiﬁcation;
the rate of decay of statistical ﬂuctuations v/ l must be smaller than the decay rate
of a density perturbation in the background stratiﬁcation, and this sets a maximum
size for the statistical density ﬂuctuations. However, in a stable ﬂuidized bed, the rate
of decay of density ﬂuctuations is not directly caused by the density stratiﬁcation.
As we have demonstrated above, the steady-state density stratiﬁcation itself results
from the balance between upﬂow from the pump and backﬂow from the particles of
diﬀerent sizes. Therefore any density ﬂuctuation causes an imbalance between these
two eﬀects, and the size of this imbalance dictates the decay rate.
We can calculate this decay rate in the low-volume-fraction limit, valid near the
top of the ﬂuidized bed. Batchelor demonstrated (Batchelor 1982; Batchelor & Wen
† It is perhaps surprising that this scaling is not appreciably aﬀected by other high-φ eﬀects.
However the fact that high volume fraction ﬂuctuations also obey the Poisson ﬂuctuation law was
previously discovered by Segrè et al. (2001), in the context of high-volume-fraction sedimentation
experiments. Extending the Poisson argument to high volume fraction leads to changes in the
eﬀective viscosity, settling viscosity and volume exclusion eﬀects. Although each of these individually
varies strongly with volume fraction Segrè et al. (2001) argued that the product of these factors is
relatively constant over the volume fractions covered.
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Figure 5. Velocity ﬂuctuations as a function of φξ/a for four diﬀerent experiments, labelled
by radius of particles used in experiments: 57.8 µm (solid squares); 49.0 µm (circles); 68.8 µm
and 82.5 µm (open squares); and 49.0 µm and 68.8 µm (inverted triangles). The solid line is a
power-law ﬁt, yielding an exponent of 0.50 ± 0.02.

1982) that the velocity of the ith species in the presence of the 
other particles in
a dilute polydisperse mixture is given by vsed,i = vS,i (1 − 6.55φi − j =i Sij φj ), where
vS,i is the Stokes velocity of the ith particles and where the coupling constants, Sij ,
depend on the relative sizes and densities of the ith and j th particles (Batchelor 1982;
Batchelor & Wen 1982). If D = ξ v is the particle diﬀusivity, and vp is the velocity
of the pump, the time evolution of the volume fraction of the ith species therefore
obeys


∂
∂φi
∂
∂φi
+ {φi [vp − vsed ]} =
D
.
(1)
∂t
∂z
∂z
∂z
To compute the decay time constant, we perturb φi to φi + δφi , and linearize (1),
yielding





∂
dvsed 
∂δφi
∂
∂δφi
δφi =
−
φ
D
.
(2)
∂t
∂z
dφ φ
∂z
∂z
Now since dvsed /dφ|φ = C, for some constant C, we can solve (2) with the ansatz
δφi = Ai exp{−t/τ (k)} exp{iωt + ikx}.
−1

(3)

The solution is that the decay time τ (k) = Dk 2 , whereas ω ≈ Cφvs k with the prefactor
C depending on the polydispersity of the particle distribution. For monodisperse
particles C ∼ 6.55 while with the size ratio of the bidisperse experiments we obtain
C ∼ 5.7.
Equation (3) therefore demonstrates that density perturbations propagate with
velocity vg = dω/dk = Cφvs as they diﬀuse. Hence a density perturbation advects
away with a rate vg / l. This rate must be less than the decay rate of the density
ﬂuctuation due to diﬀusion D/ l 2 = v/ l. Hence, the largest density ﬂuctuation
must obey v ∼ vg . Using v = F vo (φξ /a)1/2 (ﬁgure 5) we ﬁnd a linear dependence,
ξ/a ∼ (C/F )2 φ, consistent with ﬁgure 4. Moreover, ﬁtting the prefactor F ≈ 0.3 from
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ﬁgure 5, implies that (C/F )2 a is 2.8 cm for the monodisperse particles, and 2.7 cm for
the bidisperse particles (taking a to be the average). This compares reasonably well
with the measured slopes in ﬁgure 4 of 4.4 cm and 4.0 cm.
To conclude, we have presented the ﬁrst direct experimental evidence demonstrating
that local velocity ﬂuctuations in a ﬂuidized bed are controlled by the balance between
locally Poisson density ﬂuctuations and Stokes drag (Caﬂisch & Luke 1985). However,
the local correlation length in a ﬂuidized bed increases with volume fraction in striking
contrast to sedimentation. We argue that the diﬀerence between these two seemingly
similar experiments is caused by the diﬀerent dynamics of small density ﬂuctuations:
in the ﬂuidized bed the dynamics is dictated by the balance between the upﬂow from
the pump and the backﬂow from the particles
This work was supported by NASA (NAG3-2376), the Harvard MRSEC (DMR0213805), and the NSF Division of Mathematical Sciences (to PJM and MPB).
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